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REDUCTIONS OF GALOIS REPRESENTATIONS OF SLOPE 1 


SHALINI BHATTACHARYA, EKNATH GHATE, AND SANDRA ROZENSZTAJN 

Abstract. We compute the reductions of irreducible crystalline two-dimensional representations 
of C>Q p of slope 1, for primes p > 5, and all weights. We describe the semisimplification of the 
reductions completely. In particular, we show that the reduction is often reducible. We also 
investigate whether the extension obtained is peu or tres ramifiee, in the relevant reducible non¬ 
semisimple cases. The proof uses the compatibility between the p-adic and mod p Local Langlands 
Correspondences, and involves a detailed study of the reductions of both the standard and non¬ 
standard lattices in certain p-adic Banach spaces. 


1. Introduction 

Let p be an odd prime. This paper is concerned with computing the reductions of certain crys¬ 
talline two-dimensional representations of the local Galois group Gq p . The first computations of 
the reduction in positive slope, after Edixhoven |Edi92l , were carried out by Breuil in |Bre03bj , for 
weights at most 2p + 1. The reductions are also known for slopes which are large compared to the 
weight by Berger-Li-Zhu [BLZ04] : see also |YY| for results using similar techniques. In the other 
direction, the reductions have also recently been computed for small fractional slopes, namely, for 
slopes in (0,1) by Buzzard-Gee !BG()!)I . (BG13] . and for slopes in (1,2) in jBGl5l . under a mild 
hypothesis. In this paper we compute the reduction in the important missing case of integral slope 
1. As far as we know, the shape of the reduction is not known for all weights, for any other (positive) 
integral slope. 

Let us introduce some notation. Let £ be a finite extension field of Q p and let v be the valuation 
of Q p normalized so that v(p) = 1. Let a p £ E with v(a p ) > 0 and let k > 2. Let Vk,a p be the 
irreducible crystalline representation of Gq p with Hodge-Tate weights (0, k — 1) and slope v{a p ) > 0 
such that L> cr is(I4* Qp ) = Dk , ap , where Dk, ap = Ee\ © Ee 2 is the filtered </?-module as defined in 
[Berlll §2.3]. The semisimplification V£* of the reduction I4,a p with respect to a lattice in I4 jtIp 
is independent of the choice of the lattice. Let w = ui and u >2 denote the fundamental characters 
of level 1 and 2 respectively. Let ind(w2) denote the representation of Gq p obtained by inducing 
the character 10 for aeZ, from Gq^ 2 to Gq p ; it is irreducible if p + 1 f a. Finally, let p, x be the 
unramified character of Gq p taking (geometric) Frobenius at p to x £ . 

The following theorem describes the reduction Vg s a when the slope v(a p ) is equal to 1, for all 
primes p > 3. 


1 

















2 


S. BHATTACHARYA, E. GHATE, AND S. ROZENSZTAJN 


Theorem 1.1. Let p > 3, let k > 2p + 2 and let r = k — 2 = b mod (p — 1), with 2 < b < p. 
Suppose that the slope v(a p ) = 1. Then VJ?® is as follows: 


b = 2 


3 < b < p — 1 


b = p 


ind(w2 +1 ), 


r\ p 


'/« T-Uf <^- 2 ) 


P\-UJ b ® • w, if V 


lip 

p 


21 a. 


r \ p 


ind(u4 +p ), 


ifv( 

p 


2 ) Clr 


r \ P 


2) Or 


= v{r — 2), with A = 


> v(i — 2), 


2 — r \ p 


b a v - v 

-_p e F x 

6-r p p 


■ oj b © p A -i • w, */pf r — 6, with A = 

ind(w 2 +1 ), ifp\r-b , 

ind(u4 +p ), ifp\r — b 

Pa • w © Pa- 1 • w, i/p I r — 6, with A + — = — — -—— £ F„. 

A p a p 


Remark 1.2. We have: 


• Theorem II.II describes the reduction l^ap completely for slope u(a p ) = 1 and primes p > 5. 
The results in the theorem match with all previous known results for weights 2 < k < 2p +1 
summarized in [Berllj . so the theorem could therefore have been stated for weights k > 2@ 

• It is a classical fact that the reduction is reducible in the ordinary case, that is, when the 
slope is 0. The theorem shows that the reduction V£ s a is often reducible when the slope 
is 1. For example, the reduction is reducible for the congruence classes 3<6<p—lif 
p\i — b. This behaviour at the integral slopes {0} U {1} contrasts with the behaviour of the 
reduction for fractional slopes v(a p ) £ (0,1) U (1, 2), where T4, a p is mostly irreducible. 

• However, when v(a p ) = 1, the theorem shows that in each congruence class of weights mod 
(p — 1) there are further congruence classes of weights mod p where 14 ,a p is irreducible. 

• A surprising trichotomy occurs for b = 2. This seems to be a more complicated manifestation 
of the dichotomy that occurs for weights r = 1 mod (p — 1) when v(a p ) = ^ in |BG13) . 


The proof of Theorem 11.11 uses the compatibility of the p-adic and mod p Local Langlands Corre¬ 
spondences, with respect to the process of reduction jBerlOj . This compatibility allows one to reduce 
the reduction problem to one on the ‘automorphic side’, namely, to computing the reduction of a 
lattice in a certain Banach space. Let G = GL 2 (Q P ) and let B(Vfc j0p ) be the unitary G-Banach space 
associated to Vk,a p by the p-adic Local Langlands Correspondence. The reduction B(Vk : a p ) of a 
lattice in this Banach space coincides with the image of V fc s ® under the (semisimple) mod p Local 
Langlands Correspondence defined in |Bre03b| . Since the mod p correspondence is by definition 
injective, it suffices to compute the reduction B(Vk } a p ) • 


■^Recent work by Arsovski |Arsl5| includes a study of the reduction V£ s a when the slope is 1, for 6 ^ 3, p, though 
the reduction is not uniquely specified there. 
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Let K = GL 2 (Z P ), a maximal compact open subgroup of G = GL 2 (Q P ), and let Z = (Q>* be the 
center of G. Let X = KZ\G be the (vertices of the) Bruhat-Tits tree associated to G. The module 
SynTQp, for r = k — 2, carries a natural action of KZ , and the projection 


KZ\(G x Sym fc_ 2 Qp) ->■ KZ\G = X 
defines a local system on X. The smooth representation of G 


ind 


G 

KZ 


Synf 


k —2 


) 2 

p 


consists of all sections / : G —> Sym fc ~ 2 Q 2 of this local system which are compactly supported 
mod KZ. There is a G-equivariant Hecke operator T acting on this space of sections. Let IIfc iap 
be the locally algebraic representation of G defined by taking the cokernel of T — a p acting on 
the above space. Let Qk,a p be the image of the integral sections ind^ z Sym fe_ 2 Z 2 in n^ ap . Then 
B(V k ,a p ) is the completion II^ ap of n^ ap with respect to the lattice Qk,a p ■ The completion Qk,a p , 
and sometimes by abuse of notation Q k ,a p itself, is called the standard lattice in B(\ 4,o p )- We have 


B(V k , ap ) 


■ss 



= 0 


ss 

k,a p ' 


Thus, to compute VJf® , it suffices to compute the reduction of &k,a p ■ There are two main 

steps. First, we study a quotient P of Sym fe ~ 2 F 2 whose Jordan-Holder factors provide an upper 
bound on the possible Jordan-Holder factors that can contribute to 0|® ap . This is fairly routine and 
is done in Section [3] It turns out that P has 3 (and sometimes 2) Jordan-Holder factors. 

Second, we determine the eigenspaces of the Hecke operator T through which each of these 
Jordan-Holder factors contribute to Q s k s ap , if at all. This involves some delicate spectral analysis 
of the Hecke operator T and is the hardest part of the argument. The thrust of this analysis can 
be summarized as follows: we either ‘eliminate’ all but one Jordan-Holder factor of P, or eliminate 
all but two Jordan-Holder factors of P that ‘pair up’ nicely under the mod p Local Langlands 
Correspondence. In the former case, &k,a p is generically a supersingular representation and 14,o p is 
irreducible. In the latter case, 0fc S Op is generically a direct sum of principal series representations 
and V k s ap is reducible. There are additional complications. For instance, if the dimension of the sole 
surviving Jordan-Holder factor of P in the former case is equal to 7 ? — 1, it is also possible for 0£ s o 
to be a direct sum of principal series, in which case V£* a is reducible with the inertia subgroup I p 
acting by scalars. 

In order to carry out this spectral analysis, we must hunt for certain explicit rational sections /, 
respectively / , of the cover above, and use the explicit formula for the Hecke operator T to show 
that (T — a p )f , respectively (T — a p )f ± , is integral with non-zero reduction of a relatively simple 
form. In particular, we require that either the image of (T — a p )f generates ind^ J, for some 
Jordan-Holder factor J of P, or that (T — a p )f ± generates (T — A ± 1 )(ind^- Z J ± ), for some A G F* 
and some pair of Jordan-Holder factors of P. In the former case, an easy argument shows that J 
does not contribute to Qk,a p , so is ‘eliminated’, and in the latter case the factors J ± ‘pair up’ nicely. 
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Note that neither the Jordan-Holder factors J, J± nor the ‘eigenvalue’ A are specified in advance, 
which makes even starting this analysis rather difficult. 

The spectral analysis is carried out for the congruence classes a £ {1, 2, ... ,p — l}ofr mod (jp— 1) 
in three batches. The generic case 3<a = b<p — lis treated first in Section [4] The cases a = 1 
(so b = p) and a = 2 (so 6 = 2) are more complicated and require special treatment (see Sections [5J 
Generally speaking, the explicit functions / we use are supported mod KZ on a ball of radius 
at most 2 centered at the origin of the tree. But to establish the trichotomy in the case b = 2, we 
work with functions / supported mod KZ on a ball of radius v{r — 2) + 1 centered at the origin, 
which may be arbitrarily large depending on the valuation of r — 2. Moreover, the trichotomy we 
establish when 6 = 2 shows that each of the three possibilities for V£ s a \ i p allowed by the structure 
of P in this case and the mod p Local Langlands Correspondence actually does occur. 

As already remarked, Theorem 11.11 shows that t4,a p is often reducible. This gives rise to a 
couple of subtler questions concerning the reduction, which do not seem to have been addressed 
for the crystalline representations T 4 , ap treated so far in the literature, perhaps primarily because 
the reduction Vk, 0 , p in these cases was found to be generically irreducible. We describe these two 
question now. 

First, if V£ a a is isomorphic to w © 1, up to a twist, then by a well-known result of Ribet, there is 
a lattice which is unique up to homothety inside 14 , ap that reduces to a non-split extension of 1 by 
w, up to the same twist. One may ask whether this extension is “peu ramifiee” or “tres ramifiee” 
in the sense of Serre |Ser87j . The answer does not depend on the choice of the lattice or the choice 
of the basis. In the context of slope v(a p ) = 1 and Theorem ll.il this question arises in exactly two 
cases: 


( 1 ) 6 = 2 , r > p + 1 , v 





v(r — 2) and A = —-— (— 
2 ~ r \ p 




= ± 1 , so 


U/p 

P 


(2) 6 = p — 1, r > 2p — 2, p \ r — b and A = 


Clp 

= ±( 

p 

1 

a p 

r + 1 

P 


= ± 1 , so 


= ±(r + 1 ). 


Section [7] of this paper is primarily concerned with providing an answer to this question. The 
following theorem summarizes our results. To state it, note that the two roots ^ of the quadratic 
equation A = ±1 in case (1) above are distinct if and only if r ^ 2/3 mod p. We settle this question 
for most cases when r ^ 2/3 mod p in case (1), and for all r in case (2), as follows. 


Theorem 1.3. Let p > 3, let k > p + 3 and let r = k — 2 = 6 mod {p — 1), with 6 = 2 or p — 1. 
Suppose that v(a p ) = 1 and that t4,a p j the reduction of a lattice in Vk } a p , is a non-split extension of 
1 by uj, up to a twist. 
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(1) If b = 2, r ^ 2/3 mod p, and 

2 (a p fr\ p\ 

U ' 2-rip \ya P ) 


is a p-adic unit with u 


e, for e G {±1}, 


and _ _ 

a v — 

(a) — = e—, then Vk a v is “peu ramifiee”, 

p 2 

(b) — = e(l — r), and if in addition, when r = 2 mod p, either 

P 

Qp(ctp) is an unramified extension of Q p or u — e is a uniformizer ofQ p {a p ), 
then Vk t a p is “peu ramifiee” if and only if 


v(u — e) < 1 . 


Moreover, as a p varies with v{u — e) > 1, the reduction V/ j0p varies through all “tres 
ramifiee” extensions. 

(2) If b = p — 1, p\r — b and — = ±( 7 ' + 1), then Vk a is “peu ramifiee”. 

p 

Remark 1.4. We have: 

• Theorem 1 1. 31 distinguishes between the “peu” and “tres ramifiee” possibilities completely for 
primes p > 5, when r ^ 2 or 2/3 mod p. The extra assumptions on Q p (a p ) in part (1) (b), 
when r = 2 mod p, could probably be removed. 

• As far as we are aware, part (1) (b) of the theorem provides, for a fixed prime p, the first 
explicit infinite family of crystalline representations with “tres ramifiee” reduction. 

• The inequalities for u that occur in part (1) (b) of the theorem are reminiscent of similar 
inequalities in the semistable (non-crystalline) case BM02 / separating out the “peu” and 
“tres ramifiee” cases in terms of the C- invariant. 


The proof of Theorem 11.31 relies on the work of Colmez ICoTTOI . where the Langlands corre¬ 
spondences are studied functorially. One difficulty that arises is that one cannot usually use the 
standard lattice above to study subtler properties of the reduction 14,o P - Colmez’s functors establish 
correspondences between all stable lattices on the ‘Galois side’ and certain stable lattice on the ‘au- 
tomorphic side’. Moreover, these functors are compatible with the process of taking reduction, again 
allowing us to work on the automorphic side. The key is to find a suitable GL 2 (Q p )-stable lattice 
lying in the image of Colmez’s functor whose reduction admits a particular composition series, which 
makes it possible to recognize whether the corresponding mod p Galois representation is “peu” or 
“tres ramifiee”. 

We now provide some more details about the proof, referring to the text for some notation. Let 
St be the mod p Steinberg representation of G and let 1 be the trivial mod p representation of G. 
The isomorphism classes of (non-split) extensions E T of 1 by St are parameterized by classes 


M := (t(1 +p) : r(p)) G P^Fp), 
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of (non-zero) maps r £ Hom cont (Q* , F p ). For instance, if E T is the non-split extension of 1 by St 
given by 7r(0,1,1), the cokernel of T — 1 acting on compactly supported mod p functions on the 
tree X, then [r] = (0 : 1) £ P 1 (F p ). Here n(r,X,p) is the basic mod p representation of G, defined 
using compact induction, for 0<r<p-l, AfF p and p a smooth mod p character of Q* (cf. 
Section m - 

Let n T be the unique non-split extension of the principal series representation n(p — 3, l,w) by 
E t , for t ^ 0, defined in jCollOl . If V is Colmez’s functor from the ‘automorphic side’ to the 
‘Galois side’, then it is known that V(J\ T ®w m ) is a non-split extension of Lo m by w m+1 , for m£Z. 

Moreover, the extension V(J1 T <8> w m ) is known to be “peu ramifiee” if and only if E T = 7r(0,1,1), 

that is, [r] = (0 : 1). Thus if one can construct a possibly non-standard complete stable lattice 0' 
in B( Vk,a p ) with O' = n r in and of itself not easy to do, to check whether V(0') is “peu 

ramifiee”, one ‘only’ needs to compute [r]. To this end, there is a linear form p : St®w m —> F p (u; m ) 
which has the property that if e £ (E T ® w m ) \ (St ® w m ), then 

M = ^((W) -e-e) : p ((g ?) ■ e - e)) € P 1 ^). 

For instance, when 6 = 2 and so m = 1, under the conditions of part (1) (b), the most difficult 
part of Theorem 11,31 to prove, if we take e = 1 for simplicity, then we construct a non-standard 
lattice 0' such that 0' = n r <g> w and show that 

• v(u — e) < 1 => [t] = (0 : 1) € P 1 (F p ), and, 

• v(u — e) > 1 => [r] = (3r — 2 : y) G P 1 ^), for some (all) y £ F p , 

proving this part of the theorem. 

We now briefly turn to the second question alluded to above. If V^ ap is th e trivial representation 
up to a twist, then again by Ribet, there is a lattice inside 14. 0p that reduces to a non-split extension 
of the trivial representation 1 by 1, up to the same twist. One may ask whether this reduction is 
unramified or ramified. In the context of Theorem o this question arises exactly when 

(3) b = p, r > 3p — 2, p | r — b and A = ±1, so 

— = A ± \frjp. 

P 

This second question seems rather difficult to answer in general because of the large number of 
possible non-homothetic lattices involved. However, as an example, at the end of Section[71 we show 
that the reduction corresponding to the standard lattice is (after twisting) non-split and unramified 
(see Theorem 17.601 in Section fTTSl) . 

We end this paper in Section [8] by giving some examples to illustrate Theorems 11.11 and 11.31 In 
particular, we compare our results with the local restrictions of some known reductions of global 
p-adic Galois representations attached to modular forms of level one and small weight computed in 
ISer73l . We show that our results match and also provide some new local information about the 
reductions in these special cases. 
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2. Basics 

In this section, we recall some notation and well-known facts. Further details can be found in 
fBreO.lbl and iBGlbl . 

2.1. Hecke operator T. Let G = GL 2 (Q P ), K = GL 2 (Z P ) be the standard maximal compact 
subgroup of G and Z = Q* be the center of G. Let R be a Z p -algebra and let V = Sym r i? 2 (g>D s be 
the usual symmetric power representation of KZ twisted by a power of the determinant character 
D , modeled on homogeneous polynomials of degree r in the variables X, Y over R. For g £ G, 
v £ V , let [p,i>] £ ind^ z V be the function with support in KZg~ x given by 

, jg'g-v, if g' £KZg~ 1 
9 < 

I 0, otherwise. 

Any function in ind^ z V is compactly supported mod KZ and is a finite linear combination of 
functions of the form [g,v\, for g £ G and v £ V. The Hecke operator T is defined by its action on 
these elementary functions via 


(2.1) T([g,v(X,Y)}) = J2 + 

AgFp 

where [A] denotes the Teichmiiller representative of A £ F p . 

For m = 0, set I 0 = {0}, and for m > 0, let I m = {[A 0 ] + [Ai]p-|-h[A m _i]p m_1 : X t £ F p } C Z p , 

where the square brackets denote Teichmiiller representatives. For m > 1, there is a truncation map 
] m -i '■ Im —t I m -1 given by taking the first m— 1 terms in the p-adic expansion above; for to = 1, 
}m- 1 is the 0-map. Let a = (o p ). For m > 0 and X £ Im, let 

g°m,X = ( P o 1 ) and ffm,A = ( p\ p°+i ) . 

noting that g$ 0 = Id is the identity matrix and gj 0 = a in G. Recall the decomposition 

G = n KZ (9 i m,x)- 1 - 

m> 0, AG/ m , 

iG{0,l} 

Thus a general element in ind kzV is a finite sum of functions of the form [g,v], with g = g a m x or 
9m A’ ^ or some X £ I m and v £ V. For a Z p -algebra R. let v = )T)' =0 c i X r ~' L Y l £ V = Sym r R 2 ®D S . 
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Expanding the formula m for the Hecke operator T one may write T = T + + T , with 


T + ([gl„v ]) = Y, 
xeh 


9n+i,n+p n \-> y [ p y i 1 

j =0 


(-A y- j X r ~ j Y j 


T-([g°v}) = 


E? r 

j - 0 \*=i 


P - Mu 

mn— 1 


X r ~^Y J 


(n > 0), 


= [«>Ep r " ic i ir ^ ri ] (« = 0). 

3= 0 

These explicit formulas for T + and T“ will be used to compute (T — a p )/, for / G ind^ z Sym r 

2.2. The modp Local Langlands Correspondence. For 0 < r < p— 1, A £ F p and p : Q* —i 
a smooth character, let 






7r(r,A,?7) := 




(p o det) 


T- A 

be the smooth admissible representation of G, where indj^ is compact induction, and T is the Hecke 
operator. With this notation, Breuil’s semisimple mod p Local Langlands Correspondence |Bre03bl 
Def. 1.1] is given by: 

• A = 0: ind(u;£ +1 ) <S> p 7r(r, 0,ry), 

• A 0: (/j,\U} r+1 © px-i) ® p 7r(r, X,p) ss © n([p - 3 - r], A -1 ,r?o; T ' +1 ) ss , 

where {0,1,... ,p — 2} 3 [p — 3 — r] = p — 3 — r mod (p — 1). 

Consider the locally algebraic representation of G given by 

indf z Sym r Q2 
*-*-k,CLp rji ' 

T - a p 

where r = k — 2 > 0 and T is the Hecke operator. Consider the standard lattice in n k,a p given by 

ind^zSynFZp 


(2.2) 0 = Q k ,a p ■= image (md£ z Sym r Zp -t n fci0p ) ~ 


(T - a p )(ind KZ Sym r Q2) n ind KZ Sym r Z2 

It is known that the semisimplification of the reduction of this lattice satisfies Q s ^ ap — LL{V^ s a ), 
where LL is the (semi-simple) mod p Local Langlands Correspondence above IBerlOl . Since the 
map LL is clearly injective, it is enough to know LL(V™ ) to determine Vj** . 

2.3. Useful lemmas. We recall some combinatorial results from (BG151 . Lemma T2.41 is not stated 
there but we skip the proof here, since it is similar. 


Lemma 2.1. For r = a mod (p — 1), with 1 < a < p — 1, 


have 


S r := 


E 


0 <j < r, 

j = a mod (p— 1) 


.1=0 mod p. 


1 o — a—r 


Moreover, we have ±S r = 


mod p, for p > 2. 
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Lemma 2.2. Let 2 p < r — a mod (p — 1), with 2 < a < p — 1. Then one can choose integers 
ctj £ Z, for all j, with 0 < j < r and j = a mod (p — 1), such that the following properties hold: 

(1) For all j as above, (’) = ctj mod p, 

(2) Y (n) a j - 0 mod p 3 ~ n > f or n = 1 > 

j>n 


( 3 ) E (2) a 3 = 
i>2 


0 mod p, 
(2) mod P, 


*/3<a<p—1 

if a = 2. 


Lemma 2.3. We have: 


(i) If r = b mod (p — 1) , with 2 <b < p, then 

T r := ( . J = b — r mod p. 

0< j < r—1, 
j= b—1 mod (p— 1) 

^ If r = b mod p(p — 1), with 3 < b < p, then one can choose integers /3j , for all j = b — 1 
mod (p — 1), with b — 1 < j < r — 1, satisfying the following properties: 

(1) fjj = (p mod p, for all j as above, 

(2) Yj ( J n)Pj = 0 mod P 3 ~ n > f or n = Q,l, 2. 

j>n 


Lemma 2.4. Let p > 3, 2p < r — 1 mod (p — 1) and let p divide r. Then one can choose integers 
ctj £ Z, for all j with 1 < j < r and j = 1 mod (p — 1), such that the following properties hold: 

(1) For all j as above, (p = ctj mod p, 

(2) Y ( 3 n ) a j — 0 mod p 3 ~ n , for n = 0,1, 2. 

j>n 


2.4. Further useful results. We now state some identities involving sums of products of binomial 
coefficients, which will be useful in treating the delicate case r = 2 mod (p — 1). 


Lemma 2.5. Let p > 3. If s = 1 mod (p — 1) and t = v(s — 1), then p*(p = 0 mod p t+2 , for all 
i > 2. 


Lemma 2.6. Let p > 3. If r = 2 mod (p — 1) and t = v{r — 2), then p l ( r ) = 0 mod p t+3 , for all 
i > 3. 


Lemma [2751 is |BG131 Lemma 2.1], and the proof of Lemma [2761 is very similar, so is skipped here. 

Lemma 2.7. Let p > 2. If P(X) = 1 + pX £ Z p [X\, then P(X) pt = 1 + p t+1 X mod p t+2 , for all 
t > 0. 

Proof. We induct on t. The case t = 0 is clear. Write P(X) P = 1 + p t+1 X + p t+ 2 Q(X), for 
Q(X) £ Z P [X]. Then P(X ) pt+1 = (1 + p^X + p t+ 2 Q(X)) p = Yi >0 {f)p z{t+1) (X + P Q(X))\ We 
have u p ((pp*( t+1 p >t + 3, for all i > 2. Indeed, for i < p, we have u p ((pp^ t+1 p = 1 + i(t + 1) = 
ti + i + 1, and for i = p, we have v p ((?)p l ( t+1 P =p(t + l) > t + 3, asp / 2. So P(X ) pt+1 = 1 +p t+2 X 
mod p t+3 . □ 
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The first part of the following proposition generalizes Lemma 12. 1 1 when a = 2 and p > 3. 


Proposition 2.8. Let p > 3 and write r = 2 + n(p— 1 )p t , with t > 0 and n > 0. Then, the following 
identities hold: 


( 1 ) 


( 2 ) 


(3) 


(4) For all i > 3, 


E 

0<j<r 

j=2 mod (p—1) 


r\ _ p( 2 — r) 


mod p' 


t+2 


E 

0 <j<r 

j =2 mod (p—1) 


r\ _ pr(2 — r) 
1 ~P 


mod p' 


t-\- 2 


0<j<r 

j=2 mod (p—1) 


yc 


© 


i 


mod p 


t+i 


E 


0 <j<r 

j=2 mod (p—1) 


V VJ 


= 0 mod p 




Proof. Let 0 < i < r. Let S i r = E o< j<r (j)Q- Let E i r = (p - 1) E i>° (i) (7) > 

so E i} r = (p — 1 )(5'i jr + (^)). Let f r (x) = (1 + x) r = E;>o (i)®*’ which we consider as a function 
Z p Zp. Let g it r(x) = ^ -fr\x), so that g i>r (x) = Q)x l ~ 2 (l + x) r ~ l = Y,e>o (()(i) x *~ 2 - 

Let p! = Pp-i \ {—1} be the (p — l)-st roots of unity sans —1. Then Ej i7 . = E^gp _i 9i,r(.0 = 
E^'Si.rCOi as r > i. Let U i>r = E^'O -2 ^ + £,) r ~ l - Then E l>r = QC7» )T ., so that finally 

(p-l)(S <ir + G))=®tfi,r. 


When i > 3, observe that C/,; jr G Z p , so part (4) of the proposition follows from Lemma 12.61 
When * = 2, we have U 2 , r = Ee e/i '(l+0" Cp_1)pt - If £ G p', then 1+f € Z* , so (l+£) p_1 = 1+P-Zf, 
for some G Z p . By Lemma [2771 (1 + pz^) pt = 1 mod p t+1 , so (1 + £) T ' -2 = 1 modp t+1 . So 
U 2 , r = p — 2 mod p t+1 and S 2 . r = (£) /(I — p) mod p t+1 , proving part (3). 

When i = 1, write again (1 + £) p_1 = I + pz%. Then (1 + £)(p _1 )p* = 1 -| - p t+1 z^ mod p t+2 , by 
Lemma 1271 So we get 


u 1>r = y ? _1 (i+o + n p t+1 E + 0- 2 * m ° d p t+2 - 

By computing C/i )2 and £/i,p+i we get that Efe/R ^ _1 ( 1 + 0 = P - 1 and Efe/*' ^ _1 ( 1 + 0~« = -1 
mod p, which gives Ui tr = p — 1 — np t+1 mod p t+2 , so Si ]r = nrp t+1 mod p t+ 2 , proving part (2). 
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Let S r = So, r and = £ 0 ,r, so that S r = (p — l)(S r + 1). Note £ r = /r(£) = 

fr(€), as r > 0. We have (1 + £) 2 + n (p _1 )p* = (1 + £) 2 (1 + np t+1 z$) mod p t+2 , so that 

S r = (1 + 0 2 + np t+1 53 (i + Q 2 Z£ mod p t+2 . 

5e/i' £en' 

Let s = + 0 2 an d let s' = + 0 2z i- Then s = £2 = p — 1. On the other hand, 

s +ps' = Sp+i mod p 2 . We also have that £ p+ i = (p — 1)(1 + (^J)) = (p — 1)(1 +p/ 2) mod p 2 . 
So s' = —1/2 mod p. Putting everything together, we get £ r = (p — 1) — p t+1 n/2 mod p t+2 and 
so S r = p t+1 n/2 mod p t+2 , proving part (1) as well. □ 

We now state two more propositions of a similar nature. 


Proposition 2.9. Let p > 3 and write s = 1 + n(p — 1 )p t , with t > 0 and n > 0. Then, we have: 


( 1 ) 


( 2 ) 


E 

j= 1 mod (p— 1) 


= 1 + np t+l mod p t+2 


y j( S ) = fE^- sn p t+1 mod p t+2 . 
o W P - 1 


j= 1 mod (p— 1) 


(3) For all i >2, 


E 

j=l mod (p— 1) 


V V 


J '< s ' = 0 modp t+2 -L 


Proposition 2.10. Let p > 3 and write r = 2 + n(p — 1 )p 4 , with t > 0 and n > 0. TTien, we have: 


( 1 ) 


( 2 ) 


(3) 


(4) For all i > 3, 


E 


l<j<r-l 
j = l mod (p —1) 


= 2 — r + 2p t+1 n mod p t+2 . 


l<j<r-l 
j= 1 mod (p —1) 


^ V / ^ wp t+1 mod p t+2 . 


, J-L w Vi 

j = l mod (p —1) 


J \ r 


(2) 


P-1 


mod p 


,t+i 


E 


l<j<p-l 

ji = 1 mod (p —1) 


% 


= 0 mod p t+3 l . 



12 


S. BHATTACHARYA, E. GHATE, AND S. ROZENSZTAJN 


We do not give the proofs of Proposition 12.91 and 12.101 as they are very similar to the proof of 
Proposition 12. 81 The proof of Proposition 12.91 makes use of Lemma T2.5I instead of Lemma T2. 61 


3. A QUOTIENT OF V r = Sym r F p 

3.1. Definition of P. Let V r denote the (r + l)-dimensional F p -vector space of homogeneous poly¬ 
nomials in two variables X and Y of degree r over F p . The group T = GL2(F P ) acts on V r by the 
formula (“ b d ) ■ F(X, Y) = F{aX + cY , bX + dY). 

Let X r C V r denote the F p [T]-span of the monomial X r . Let Q(X, Y) = X P Y — XY P . The action 
of T on Q is via the determinant. We define two important submodules of V r as follows. 


V* := {F G V r : 9 \ F} 


0, if r < p + 1 

V r -p -1 tg> D, if r > p + 1, 


V** := {F G V r : 0 2 \ F} 


0 , 

Vr-2p-2 D 2 , 


if r < 2p + 2 
if r > 2p + 2. 


We set X* := A r n V* and X** = X r n V**. 

The mod p reduction @k,a p of the lattice @k,a p is a quotient of md^ z V r , for r = k — 2. By [BG09 . 
Rem. 4.4] we know that if v(a p ) = 1 and r > p, then the map ind^ 2 W -» Ok,a p factors through 
ind^ z P, where 

r - ^ 

X r + V **' 


We now study the T-module structure of the quotient P of V r . In particular, we will show that P 
has 3 (and occasionally 2) Jordan-Holder (JH) factors. 


3.2. A filtration on P. In order to make use of results in Glover [Glo78l . let us abuse notation a 
bit and model V r on the space of homogeneous polynomials in two variables X and Y of degree r 
with coefficients in F p , Once we establish the structure of P over F p , it will immediately imply the 
corresponding result over F p , by extension of scalars. 

We work with the representatives l<a<p—lof the congruence classes of r mod (p — 1). Note 
that a = 1 corresponds to b = p from the Introduction, whereas the other values of a and b coincide. 

Proposition 3.1. Let p > 3, and r = a mod [p — 1), with 1 < a < p — 1. 

(i) For r >p, the T-module structure ofV r /V* is given by 

0 —t Va —t T^r ~^ Vp—a— 1 <8> D a —> 0, 

V r 

and the sequence splits if and only if a = p — 1 . 
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(ii) For r > 2p + 1, the T-module structure of V* /V** is given by 

0 — > Vp -2 0 D -a —^ — > V\ —> 0, if a = 1, 

V r 

0 —>■ y p _i a = 2, 

V r 

0 —> Vq_ 2 —> y p -a+l 0 D a 1 —^ 0, if 3 < a < p — 1, 

V r 

and the sequences above split if and only if a = 2. 

Proof. See |BG15i Prop. 2.1, Prop. 2.2]. □ 


Lemma 3.2. Lei p > 3, r > 2p and r = a mod (p — 1), with 1 < a < p — 1. Then 

V p -2 0 D, 

0, 


x;/x* r * = 


if a = 1 and p\r, 
otherwise. 


Proof. This follows from | IBG151 Lem. 3.1, Lem. 4.7]. 
There is a filtration on V r /V** given by 

^ X r-p-l) + y* 


□ 


o c 


a** y* 
C 


c 


X r + V. r * 


c 


V r 


y'** y'** y** 5 

where the graded parts of this filtration are non-zero irreducible r-modules. Looking at the image 
of this filtration inside P, we get a filtration: 

0 C + * + C W, c := = P. 


V* 

r r 


X r 


V** + 


V** + X r 


Each of the graded pieces of this filtration is either irreducible or zero. We set J, := Wi/Wi-x, for 

V* IV** 

i = 0, 1, 2, with W_i = 0. Note that W\ = r f is never zero by Proposition ^. II fijl and Lemma 

X. r / Ji r 

13.21 In fact, Wi has two JH factors Jo and Ji unless a = 1 and p\r, in which case Wo = Jo = 0 

Vr „ V r /V r * 


and Wi = Ji is irreducible. Also, J 2 = 

_ V* + X r 

Proposition 13.11 and |Glo78, (4.5)], we obtain: 


x r /x; 


is a proper quotient of V r /V*. Using 


Proposition 3.3. Let p >3,r>2p and r = a mod (p — 1), with 1 < a < p— 1. Then the structure 
of P is given by the following short exact sequences of T-modules: 

(i) If a = 1 and p\ r, then 

0 -> Vi -> J* -> Vp-2 0 D -a 0, 

that is, Jo = 0, Ji = Vi and J 2 = Vp_ 2 0 D. 

(ii) If a = 1 and p \ r, or if 2 < a < p — 1, then 

0 -> Wi “ V*/V** ->• P -A Vp - a -1 0 D a -a 0, 


that is, 
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(a) Jo = Vp -2 (8> D, J\ = V\ and J 2 = V p -2 ® D if a = 1 and p \ r, 

(b) J 0 = V p - 1 ® D, J\ = Vo <8> D and J 2 = V p s <S> D 2 if a = 2, r > 2p (J\ = 0 if r = 2p), 

(c) Jq = V a _ 2 ® D, Ji = V p _ a+ i ® D a_1 and J 2 = V]p_i_ a <8> D a if 3 < a < p — 1. 

The next lemma will be used many times below and describes some explicit properties of the 

maps Wi -» Ji, for i = 0, 1, 2. 

Lemma 3.4. Let p >3, r > 2p, r = a mod (p — 1), with 1 < a < p — 1. 

If 3 < a < p — 1, then: 

(i) The image of 9X r ~ p ~ l in Wo maps to X a ~ 2 £ Jq. 

(ii) The image of 9X r ~ p ~ a+1 Y a ~ 2 in W\ maps to X p ~ a+1 £ J\. 

(in) The image of X r ~ l Y‘‘ in W 2 maps to 0 £ J 2 , for 0 < i < a — 1, whereas the image of 
X r-a Y a {n ^ maps tQ X p-a - 1 in J 2 . 

If a = 2, then: 

(i) The image of 9X r ~ p ~ 1 in Wq maps to X p_1 £ Jq. 

(ii) For r > 2p, the image of 9X r ~ 2p Y p ~ 1 in W\ maps to 1 £ J\. 

(Hi) The image of X r ~ l Y l in W 2 maps to 0 £ J 2 , for i = 0,1, whereas the image of X r ~ 2 Y 2 in 
W 2 maps to X p ~ 3 £ J 2 . 

If a = 1, then: 

(i) If p | r, the image of 9X r ~ p ~ 1 in Wq maps to X p ~ 2 £ J 0 . 

(ii) The image of 9X r ~ 2p+1 Y p ~ 2 in W\ maps to X £ J\. 

(in) The image of X r ~ 1 Y in W 2 maps to X p ~ 2 £ J 2 . 

Proof. The proof is elementary and consists of explicit calculation with the maps given in [Glo78l 
(4.2)] and |Bre03bl Lem. 5.3]. □ 

Let Ui denote the image of ind xz^i under the map ind^ z P -» 0 = Qk,a p , and let Fi := Ui/Ui- 1 , 
for i = 0, 1, 2, with U-\ := 0. Then we have the following commutative diagrams of G-modules: 

0- 9 - ind^ z Wi ->■ ind^ z P- 9 - ind^ z J 2 - 9 - 0 

(3- 1 ) „ ,, 

0 - 9 - u x -~ 0 (= U 2 ) -- P 2 -- 0 , 

0 - 9 - ind^Jo - mdK Z Wi - 9 - ind^-^^i - 0 

(3-2) ,, 

0-- F 0 (= U 0 ) -*- lh -- Fi -*- 0. 


The semisimplification of 0 is completely determined by the G-modules Fq, Fi and P 2 . 
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4. The case 3 < a < p - 1 

Let r > 2p and r = a mod (p — 1), with 3 < a < p — 1. If p \ r — a and v(a p ) = 1, then 
u := ^ is a p-adic unit. In this section we will give a proof of the following result. 

Theorem 4.1. Let 2p < k — 2 = r = a mod (p — 1), with 3 < a < p— 1, and assume that v(a p ) = 1. 

(i) If p \r — a, then VJ? ® • ui a © p, >,-i • ui is reducible, with A = u G F* . 

(ii) If p | r — a, then T4 ap = ind(u; 2 +1 ) is irreducible. 

Let us begin with the following elementary lemma. 

Lemma 4.2. Let r = a mod (p — 1), with 3 < a < p — 1. Then we have the congruence 

X^Y = —- ■ dX r - p - 1 mod X r + VI*. 
a 

Hence, if p \ r — a, then X r ^ 1 Y 6 X r + Vf*. 

Proof. One checks that the following congruence holds: 

aX r ~ 1 Y + k p ~ a (kX + Y) r = (a - r) ■ dX^- 1 + F(X, Y) mod p, 

k 6F P 

with F(X, Y) := (a - r) • X r ~PYP - £ Q • X r ~^ e V r **, by fTTTTTTTl Lem 2.3]. □ 

1 <j <r 3 

j =1 mod (p— 1) 

We use the notation from Section EO and the Diagrams (13.11) and (13.21) . We have J 0 = 14-2 ® D, 
Ji = V p -a+i ® D a_1 , d 2 = Vp- a -i ®D a , by Proposition 13.31 Recall that iy denotes the factor of 0 
which is a quotient of ind^^Ji, for * = 0, 1, 2. 

Proposition 4.3. Let 2p < r = a mod (p — 1) , with 3 < a < p — 1, and suppose that v(a p ) = 1. 

(i) If p\r — a, then F\ = 0 and 0 fits in the short exact sequence 

0 —To = Ui —t @ —^ F 2 —t 0. 

(ii) If p | r — a, then U\ = 0, and 0 = F 2 is a quotient of md c f- z J 2 . 


Proof. Let us consider 


vr-a—p-\-2'ya-\-p—2 vi —a+lyra—1 “I 

/o := Id,- € ind£ z SynTQ2. 

dp J 

As r > 2p, T~f 0 is integral and dies mod p. Also T + /o £ ind^ z (X r_1 F} +p • ind^SynTZp is 
integral. 

(i) If p \ r — a, then T + f 0 = — 4L ■ E 9\ tap (~ [^ ]) a ~ 2 X r ~ 1 Y mod p. By Lemma IT21 this i 

“ p agf p I J 

r_p_1 in ind^- z P. Hence (T — a p )fo maps to 
5?,(-[A]) 0 - 2 ^-^.^-^ 1 


the 


same as -£ ■ E 0°[A]> H A D° ' 

P AGF P a 

T + / 0 - a p fo = • 

dm 


is 


E 

AeF„ 


+ [Id, g^r-p-o+iya-a] G ind| z P. 
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Note that 6X r ~ p ~ l maps to 0 G J\ = W\/Wq. By Lemma EOl fii). the polynomial gx r ~ p ~ a+1 Y a ~ 2 
maps to X p ~ a+1 ^ 0 in J\. We conclude that ( T — a p )fo maps to [ld,X p_a+1 ] G ind^ z Ji, which 
generates it as a G-module. Hence Fi = 0 and the result follows. 

(ii) If p | r — a, then by Lemma [4.21 we know that X r ~ 1 Y maps to 0 G P. Thus T + fo dies in 
ind kzP- Hence (T — a p )fo is integral and maps to the image of —a p fo = [Id, gx r ~ p ~ a+1 Y a ~ 2 ] in 
ind^ z P. By Proposition 13. II (ii). W\ = V*/V** is a non-split extension of the weight J\ by Jq. By 
Lemma rrm (ii), the polynomial eX r - p - a+1 Y a ~ 2 maps to X p ~ a+1 ^ 0 in Ji and hence generates 
W\ as a P-module, so [Id, QX r ~ p ~ a+1 Y a ~ 2 ] generates ind^ z Wi as a G-module. This proves that 
the surjection ind^^Wi -» U\ is the zero map. □ 


Proposition 4.4. Let 2 p < r = a mod ( p — 1), with 3 < a < p — 1. Assume that p \ r — a and 
v(a n ) = 1 .so that u := —2— • — is a p-adic unit. Then 

\ ps i a—r p 1 

(i) Fq is a quotient of w(a — 2, u, ui), 

(ii) F 2 is a quotient of n(p — a — l,u _1 ,w“). 


Proof, (i) Consider / 0 G ind^- z SynTQ 2 given by 

X r ~ 1 Y — X r ~ p Y p 


fo — 


Id, 


P 


Id, 


QX r ~ p ~ 1 


P 


Since r > p + 2, T /o = 0 mod p. By the formula for the Hecke operator, 


(T - a p )f 0 = T+f Q - a p fo = £ [<??, 


[A]- 


X r -iy 


- ( a p /p ) [id, 9X 


r—p— 1] 


mod p. 


AGF P 


By Lemma l4~2l (T — a p )fo maps to j'* ■ )C 

a agf p 



ex r - p - 1 


(Op/p) [ Id , oxr-p-i] G ind£ z P, 


which in fact lies in the submodule ind^^Wo- This maps to • (T — u) [id, X a_2 ] G ind^- z Jo, by 
Lemma lT4l fi). The element [id, X a_2 ] generates ind^ z J 0 as a G-module, so the map ind^ z Jo -» To 
must factor through 7 r(a — 2, u, ui). 

(ii) Let us consider / = f 0 + fi + fi G i n d^ z Sym r (Q) 2 , where 


h = 


h = 




al Pl x ] ,--(Y r ~x p - 1 Y r ~ p + 1 ) 


0 (p-i) 

5l ’ 0 ’ P a p 


E 

0 <j<r 

j=a mod (p— 1) 


atj-X’-’Y 3 


fo = 


Id, ——— ■ (X r - X r - p+1 Y p ~ 1 ) 


if 3 < a < p — 1, 
, if a = p — 1, 


where the aj are integers from Lemma 12.21 We compute that T + /2 G md c ^ z (X r X Y) + p ■ 
ind£ z Sym r Z 2 , which maps to 0 G ind^ z J 2 , by Lemma [3.41 (iii). By Lemma [2.21 and as p > 5, 
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both T + /i and T fi die mod p. We have 


— &pf2 = 


AeF„ L 


0 U P yp-lyr-p+l 

92,p[ A]’— ‘ A 1 


mod X r . 


Using that X p 1 Y r P+1 = X r a Y a mod V*, and Lemma [3~~ii (iii), we get that —a p f 2 maps to 


dp XT' 

v E-/ 

agf p L 


9 2 , p [\\ 


X p ~ 


9 i,o- 


£ \nd KZ J 2 - Moreover, T + f 0 — a p fi + T~ f 2 is integral and congruent to 


E 

0 <j<r 

j=a mod (p— 1) 


p -1 


-a, • X r ~ i Y j + Y r 


mod p, 


unless a = p — 1, in which case we also have the terms Y) g® [a]’ ( — M) p 2 ‘ X r X U from T + /o, in 


A£F P 


addition to the above. In any case, T + /o — a p f\ +T f 2 maps to 


9i,o, 


r — a 


■ x p - 


£ ind KZ J 2 , 


by Lemma 12.21 Lemma 12.11 and Lemma |3.4I (iii). If a = p — 1, then T f 0 dies mod p and —a p /o = 
Id, y • x r ~ p+1 Y p ~ 1 mod X r maps to y ■ [Id, 1 ] in ind^ z J 2 = ind^- z Vo- 

So ( T—a p )f is always integral and maps to y (t — y ■ ^ a ~ r ^ [< 7 ° 0 , X p_0_1 ] in ind^ z J 2 - There¬ 
fore F 2 is a quotient of n(p — a — l,it _1 ,w a ), as desired. 


□ 


Proof of Theorem We have 

(i) If p \ r — a, Proposition 14.31 (i) tells us that Q ss = (Fo © F 2 ) ss . By Proposition 14.41 we 
have surjections n(a — 2,u,ui) -» Fo, and ir(p — a — 1 ,u~ 1 ,uj a ) -» F 2 . Using the fact 
that 0 lies in the image of the mod p Local Langlands Correspondence, we deduce that 
0 SS 2i 7r(a - 2 ,m,w) ss ©7 r(p - a - 1, « _1 , w a ) ss . 

(ii) If p | r — a, then Proposition 14.31 (ii) and [BG091 Prop. 3.3] together imply that 14, a p — 
ind(w 2 +1 ) is irreducible. 

□ 


5. The case a = 1 


We now treat the case r = 1 mod (p— 1) separately since the computations are more complicated. 


Theorem 5.1. Let p > 5, r > 2p and r = 1 mod (p — 1). Assume that v(a p ) = 1. 
(i) If p \ r, then V k ,a v = ind(wf). 

(ii) If p | r, then V(! s a ^ = fi\ ■ w © p\-i ■ to, where A 2 — cA + 1 = 0 with c = — — 
Recall that by Proposition 13.31 we have J 2 = V p - 2 © D, J\ = Vj, and Jq = 


Up -2 © D, 
0 , 


e F p . 

if P I r, 
if p \ r. 


Proposition 5.2. If p > 3, r > 2p and r = 1 mod (p — 1), then F 2 =0. As a consequence, 
(i) Ifp\ r, then 0 = F\ is a quotient of vndy z J\. 
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(ii) Ifp\r, then 0 = U\, and the bottom row of Diagram (El reduces to 

0 —^ Fq —>■ 0 —> F\ —> 0 . 


Proof. Consider the function / = f 0 G ind^- z Sym r Qp given by 


fo = 


Id. 


XY r ~ i 2 X^Y r —P -f- 1 


p 


One checks that T + /o, T~ /o, a p fo are all integral, and that T + fo = 0 mod p , a p fo G md% z Y* and 
T _ /o = [a, XY r ~ 1 ] mod p. By Lemma T3.4I (iii) and by T-linearity, XY r ~ 1 = (? J) • X r ~ 1 Y maps 
to —Y p ~ 2 , under the map W 2 -» J 2 . So (T — a p )f maps to [a, — Y p ~ 2 ] G ind^ z J 2 . As [a, — Y p ~ 2 ] 

s~< 

generates ind^- z J 2 as a G- module, we have F 2 = 0. 


□ 


Proposition 5.3. Let p > 3, r > 2p, r = 1 mod (p — 1) and p \ r. Then we have 
(i) Fi = 0, and 


(ii) Fq is a quotient of 


^ n ^Kz(^p-2 D) 


T 2 - cT + 1 


, where c = —-— G F„. 

p a p 


Proof. (i) Consider the function / = / 2 + /1 + /o G ind^ z Sym r Qp given by 


/» = E 


r 2 

52° P [A],M— -{Y r -X r - p Y p ) 

CZr) 


fi = 


fo = 


AeF* l 


X p Y r ~ p - IP- 1 p - 1 
5i,o> - 


g%, —- ■ (XY r ~ 1 - A' r -P +1 yP- 1 ) 


P 


Id, -—- • (A r - X p Y r ~ p ) 


a. 


P j X r - j Y j 


P 0<j<r—l 

j= 0 mod (p— 1) 


where /3j are the integers from Lemma [H (ii). Using the facts that p | r — p and p > 3, we 
see that T + f 2 and T~ f 0 die mod p. We compute that 

(5.1) T~f 1 - a p f 0 = [Id, —XY r ~ 1 - (X r - X p Y r ~ p )\ mod p = [Id, fly 1 "-?- 1 ] mod X T . 

Note that T + f 0 + T~ f 2 — a p fi is congruent mod p to 


9i,o, 


E 


p — 1 / (r 


U/ri 

0<j<i — 1 p 

j= 0 mod (p—1) 


(G) ~ /3? ) ■ xr ~' jyj+ e - ^ ■ xyr_i - ^ • QY r ~ p ~ x 


which is integral because v[a p ) = 1, p | r — p and each fij = (p mod p. Rearranging the 
terms, we can write 


T+fo + T-fi-aph = 


9i 0 , (P ~ 1) ( F(X, Y) + ■ QY r ~ p ~ 1 ) - ^ • QY r ~ p ~ x 




























REDUCTIONS OF GALOIS REPRESENTATIONS OF SLOPE 1 


19 


where F(X,Y) := £ — • (A) - fa) ■ X r ~iY* - -—- • X p Y r ~ p G V**, as it 

0<j<r —1 
j=0 mod (p— 1) 

satisfies the criteria given in [BG15 1 Lem. 2.3]. Thus inside ind^ z P, we have 


(5.2) 


T+f 0 + T-f 2 -a p f 1 = g%, 


p-r a p 


a p p 


p ] QY r ~ p ~ i 


AgF. 


(5.3) 


Then we compute that T + /i — d p f 2 is congruent to 

E Kw^-wr-^up+i)-^- 1 ^] - e [9i m A-iM) p - 2 (-P+i)-(Y r -x r -t>Yn 

' - AgF; 

- [g^o, XY r ~ 1 x r ~ p+1 Y p ~ 1 } mod p. 

Going modulo X r and V**, we get 

_ p _i , (r — 2p + 1) 


T + h-a P h = E [gl PW , (-[A \y-*ox'-*- i 


AgF* 


32%, 0Y r - p -^ + 


P~ 1 


QX r — 2p+ly^p—2 


We know $X r_p_1 ,0y r_p_1 map to 0 G Ji = W\/Wq and 9X r ~ 2p+1 Y p ~ 2 maps to 
X G J\ = V). by Lemma EOl (lih By the equations (15.11) . (15.21) and (15.31) above, (T — a p )f 
is integral and its image in ind^ z P lies in ind^^Wi and maps to [ 3 %, —X] G ind^ z Ji, 
which generates \\\A KZ J\ over G. Hence Pi = 0. 

(ii) Consider the function / = / 2 + fi + fo G ind^ z Sym r Qp given by 


= E 

A,/xgF p 

h = E 


^2,p[/i] + [A]> 


_ J^r—PYP 


AeFp 


3i,[a] > ~ ■ (* r ”T - x’-pyp) + ^ 


E 


ajX r ~ J Y 3 


p 1 <j<r 

j= 1 mod (p— 1) 


fo = 


Id, -— £ ■ (X r - 1 F - X r - p Y p ) 


where the oq are the integers from Lemma T2.41 We check that T + f 2 and T “/ 0 die mod p , 
since p | r — p and r > 2p. Next we compute that modulo p and X r , T + /o — d p fi + T~ f 2 is 
congruent to 


E 

A£F p 


E 


„0 (P -!)(»■- p) V r-Ur , 

5l >W’ % A ^ + 

p l<j<r 

j= 1 mod (p—1) 


Rearranging the terms, we get 
T + f 0 -dph+T-f 2 = Y, 

AGF P 


- oyj • ^ • 6LY r - p - 1 


n 

/ a p 

r -p\ 

3i,[a]> 

V7‘ 

a p / 


ex r-p-l _ F ( X , y) 
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where 

F(X, Y) = ■ X r - p Y p + Y — ( () X r ~ j Y j 

a P i<j< r a P V '•3/ ' 

j =1 mod (p— 1) 

can be checked to be in V**, using [ BG15 . Lem. 2.3]. Thus in ind^- z P, we have 


(5.4) 


T + f 0 -a P h+T~f 2 = Y 


AeF„ L 


9i,[\] 


i P r - p 


QX r - p ~ x 


We check that T+/i - a p f 2 = E 52 iP m+[A] 


p, AGF p 


(5.5) 


T + h-a p f 2 = Y 

M,AGF p 


^2,p[/i] + [A] i 


P a p 

, -X^Y - ( Y r - Y p X r ~ p ) mod p, so 
_ ex r - P -i'j mod x 


Finally, we compute 


(5.6) T A - ctp/o = -a p /o = [Id, - 9X r p 2 ] mod p. 

By Lemma liL4l the image of 9X r ~ p ~ 1 (in P ) lands in Wq and maps to X p ~ 2 G J 0 . Using the 
formula for the T operator, and the equations (15.41) . (15.51) . (15.61) . we obtain that (T — a p )f 
is integral, and in fact it is the image of — (T 2 — cT + l)[Id,X p-2 ] G ind^ z J 0; where 
c= *L- r -lZ e Fp. 

P a p 

□ 


Proof of Theorem \5.1[ Part (i) follows from Proposition 15.21 (i) and [BG091 Prop. 3.3], at least if 


p > 3. If p | r, then 0 is a quotient of 


indf 


)D 


ARZ^p 2 o ^ Propositions 15.21 (ii) and 15.31 Now part 
T l — cT +1 

(ii) follows by the mod p semisimple Local Langlands Correspondence. □ 


6. The case a = 2 


This section deals with the remaining case r = 2 mod (p — 1), for r > 2p and p > 3. This case is 
special in the sense that there are further complications with the computation. We shall show that 
the reduction p depends on the size of the valuation of the quantity 


a 


2 

p 



P 


2 


which is at least 2, since the slope v(a p ) = 1. In fact, we show the reduction is determined according 
to the following trichotomy: whether the valuation of this quantity is equal to, greater than or less 
than the integer 2 + v(r — 2). 


Theorem 6.1. Let p > 3, r > 2p, with r = 2 mod (p — 1). Assume that v(a p ) = 1. 
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(i) If v(a 2 - ( r 2 )p 2 ) = 2 + v{r - 2), then 


— Ma • w 2 © p\-i ■ u> 


where A = 


2 (°g - Qp 2 ) 

(2 - r)pa p 


(ii) Ifv{a 2 - Qp 2 ) >2 + v( 
(in) If v(a 2 - Qp 2 ) <2 + v( 


- e F x . 

^- p 

r - 2), then V k>a 
r - 2) , then V k , a 


V 

V 


= ind(u^ +2 ). 
= ind(wf). 


Remark 6.2. When a = 2, there are a priori three possibilities for V£ s a , if one counts the reducible 
cases as one possibility. Remarkably, the theorem shows that all three possibilities do indeed occur. 
The first case in the theorem is the generic case: for most r, in fact for r ^ 2 mod p 1 we have 
v{r — 2) = 0; furthermore the condition v(a 2 — Qp 2 ) = 2. holds whenever the unit (y-) 2 and the 
binomial coefficient Q have distinct reductions in F p . 


6.1. Preliminaries. Let us introduce some convenient notation. For x € Q, x non-negative, write 
0(p x ) for an integral function multiplied by a constant with valuation greater than or equal to x. 
Throughout this section let us denote 

_._ a l - Qp 2 

c . 

pCLp 

and set r = v(c), t = v(2 — r) and to = min(r, t). 


Lemma 6.3. Let p > 3, and let r > 2p, with r = 2 mod (p — 1). If 

X = i2 a U9lo,Y r -X r ~ 2 Y 2 }, 
e=o 

then 


(T - a p )x = [a, Y r ] + a p [ 1, X r ~*Y 2 ] + p t+1 h x + O(p to+2 ), 

where h x is an integral linear combination of terms of the form [g , X r ] and [g, X r ^ 1 Y], for g £ G. 

Proof. Write x = Ylt—oXh where \i := a P [ 9 i,o:Y r — X r ~ 2 Y 2 ], for l > 0. By the formula for the 
Hecke operator, 

T- X0 = [a,Y r }+O(p t ° +2 ) and - a pX o + T~ Xl = a„[l, X r ~ 2 Y 2 } + 0(p ta+2 ), 

&sr — 2>t + 2>to + 2. Similarly, for 1 < l < t — 1, one computes 

T~Xl+i ~ a P Xi + T + Xl .! = p t+1 h t + O(p t0+2 ), 

where each hi is an integral linear combination of terms of the form [g, X r ~ 1 Y], Here we use the facts 
that for j > 3, v(j>> Q) > t+ 3. bv Lemma l2.61 and that ^((j)—1) >t, therefore v(p 2 (Q — 1)) > t+2 
and v{a 2 — p 2 ) = v(pa p c + p 2 (Q — 1)) > min(r + 2, t + 2) = to+ 2. Similarly for l = t, we compute 

- a pXt + T+Xt-i = P t+1 h t + O(p to+2 ), 
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where ht is an integral linear combination of terms of the form [g, A r l Y\ and [g,Y r ]. Finally 

T + Xt = p t+1 h t+1 + O{p t0+2 ), 

where h t +i is an integral linear combination of terms of the form [g^X r ~ 1 Y]. Combining all the 
equations above, we obtain the lemma, with h x = Ym=i ^z- d 

For g G G, set 

:= 9X = £< Mo, Y r - X r ~ 2 Y 2 }. 

By Proposition 13.31 (ii) (b), the JH factors of P are given by Jo = V p -i 0 D and J 2 = fp -3 0 D 2 , 
and in addition, Ji = Vo 0 D when r >2p (we set J\ = 0 when r = 2p). Recall that the factors Fi 
of 0 are quotients of ind^ z J i; for i = 0, 1, 2, as explained in Diagrams (13.11) and (13.21) . We now 
study each of the factors Fi in turn, starting with F 2 . 


6.2. Study of F 2 . The following proposition tells us about F 2 , when t < r. 

Proposition 6.4. Let p > 3, r > 2 p, with r = 2 mod (p — 1) and assume v(a p ) = 1. 

(i) If t > t, then F 2 = 0. 

(ii) If t = t, then F 2 is a quotient of ir(p — 3, X~ 1 ,uj 2 ), where A = 


2 (°p - Qp 2 ) 


e F x . 

P a p {2 — r) p 

Proof. Assume t < r, so t 0 = t in Lemma 16.31 Let / = /o + /oo S ind^ z SynTQp, with 

P~ 1 


h = 


foo = 


pa p (2 - r) 
1 


p(2 — r) \ ^ 

\Aer 


1, Y. ( r Xr ~ JYJ + ^-^X r ~ 2 Y 2 

0<j<r 

j =2 mod (p —1) 


E Kw + (1_p) m 0 


We have T f 0 = 0(p). Indeed 


T~fo = 


P-1 


pa p (2 - r) 


a, 


E 


0 <j<r 

j =2 mod (p —1) 


p r-J X r-J Y o 


+ 0(p), 


and for all j in the sum, we have r — j > p — 1 > 3, so this is a consequence of Lemma 12.61 Also, 

/ 


T + f 0 = 


P-1 


pa p (2 - r) 


E 

■ AgFp 


n° 

9 1,[A] 


9%, 


E^(-W) 

i=0 

E 


E 

U 


0 <j<r 

2 mod (p —1) 


;X0 +!fc i^C) i *” y ' 


0< j <r 

j=2 mod (p —1) 


r V/'.V'' A ' + p3(r X r ~ 2 Y 2 

jj 2 
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By parts (1) and (2) of Proposition 12.81 we may write (j) + p( r — 2)/2 = p t+2 a, and Yhj j(p + 
p(i — 2) = p t+1 b 1 for some a, b £ Z p . Moreover, by part (3) and (4) of the same proposition, we have 
P 2 (2) (P + P 3 ( r - 2)/2 = p 2 (p/(I ~ p) mod p t+3 and p l (P Q = 0 mod p t+3 , for i > 3. 
Here all four sums are over j with 0 < j < r and j = 2 mod (p — 1). Hence, we may write 


T+fo = 


P~ 1 


pa p {2 - r) 


+ 


E 

■AgFj L 


< [A] , [A ] 2 ap t+2 X r - b[\\p t+2 X r ~ l Y +p 2 - 


-X r ~ 2 Y 2 


~P 


9%, 


p 2 X r ~ 2 Y 2 


0(p ), 


by Lemma 12.61 

On the other hand, a simple computation shows that 

\a<ef p / 


E 


0 <j<r 

j =2 mod (p —1) 


X r ~^Y J 


so, by Lemma 16.31 we have 


(T - a p )/oo = 


P - 1 

p(2-r) 


E 


0 <j<r 

j =2 mod (p —1) 


X r ~oy J 


+ £ Kw- yr - 2 r 2 l + x'-T-] + ft + o(p), 

AGFp 

where /i is an integral linear combination of terms of the form [g,X r ] and [<7,X r-1 y], for g £ G. 
Putting everything together we obtain: 

p 2 (r\ m 2 

(T-a p )f=(T-a p )(f 0 + foo) = 


E [^ 1 ,[A] ) X r ~ 2 Y 2 ] - ±[l,X r ~ 2 Y 2 ] + h' + Q(p ), 


pa p {2 - r) 


AGF P 


where h' is an integral linear combination of elements of the form [g, X r ] and [ g , X r-1 y], for g £ G. 

By Lemma [231 (iii), for a = 2, we see X r-1 F and die in J 2 , and X r_2 F 2 maps to X p ~ 3 £ J 2 - 
Thus the image of (T — a p )f in ind^ z J2 is 


a l Qp 2 r 0 Y p-3l 1 r-| Y p-3l 

U Sim ' 

which immediately proves both parts of the proposition. □ 

6.3. Study of F\. Before studying the structure of F±, let us first prove the following useful lemma. 


Lemma 6.5. Let p >3, r >2p and r = 2 mod (p — 1). 

(i) The image of X r ~ 1 Y in P lands in W\ and maps to 

(ii) Ifp | r, then X^Y = eX r ~P~ l mod X r + V **. 


r 


2 ’ 


under the map W\ -» J\. 
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Proof. By Lemma [3.41 (iii), X r 1 Y maps to 0 £ J2, so it lands in W\. The polynomial X r 1 Y — 
XY r ~ 1 = 9 • (X r "P" 1 + ■ JS C r-2p Y P-l + yr-p-1) mod y« and s0 it maps to _ r g J 1; by 

Lemma EH (ii). As r acts by determinant on J\. and as XY r 1 = (° J) • A' r 1 Y, we obtain that 

A r_1 Y and Y r ~ 1 X map to —r/2 and r/2 respectively in Ji, proving (i). 

If p | r, then A r_1 Y maps to 0 € J±, so in fact it lands in Wq C P. Now consider the polynomial 

F(X, Y) = k p ~ 2 {kX + Y) r £ X r . Using the fact p \ r, we obtain 
fceF p 

F(X, Y) = — V () X r ~iYi = -2X r ~ p Y p + H(X, Y) mod p, 

oMr VJ 

j =1 mod (p— 1) 

where H{X, Y) = 2X r ~ p Y p - £ ( r )X r ~^YP One checks that H(X, Y) £ U r **, using the 

l<j<r-l 3 
j =1 mod (p—1) 

criteria given in B( ! 15 Lem 2.3]. Thus we have X r ~ p Y p £ X r + V**, proving (ii). □ 


Proposition 6.6. Let p > 3, r > 2 p, with r = 2 mod {p — 1) and assume v(a p ) = 1. 

(i) If p | r, then F\ = 0. 

pp _ 

(ii) If p\ r, then F± is a proper quotient of 7r(0, z/, oj), with v = -— £ F* . 

Proof. Recall that the JH factor Ji = Vq <8> D of P occurs only when r > 2 p. Therefore T\ = 0 for 
r = 2p, and we assume r > 2p for the rest of the proof. 

If p | r, we consider the function 

y^r-pY? X r ~ 2p+i^2p—1" 


( 6 . 1 ) 


/o — 


Id, 


£ ind| z Sym r Qp, 


and check that T f 0 dies mod p, and that T + / 0 maps to X) 


Aer* 


9 1,[A]» 


• 0X r ~ p ~ 1 


in md% Z P, by 


Lemma [6.51 (ii). Clearly T + fo maps to zero in ind^ z Ji. Thus (T — a p )fo maps to the image of 
—a p fo = [Id, — 0X r ~ 2p Y p ~ 1 } in ind^ z Ji, which is [Id, —1] by Lemma EH (ii). As [Id, —1] generates 

q 

im\ K zJ\ over G , we have F-\ = 0. 

If p\ r, we consider the function / = /o + /1 £ indESyin r Qp, where 


( 6 . 2 ) 


/o = 


Id, - 


2 a 


—iy _ 2 x r ~ p Y p + Y r_2p+1 Y 2p_1 ) 


p 


1 


gl 0 , - ■ (X r ~ 1 Y - x r ~ p Y p ) 


(6-3) /1 = 

As r > 2p, both T~ fo and T~ fi die mod p. Then we compute 
a pfo = 

T+fo-aj! = 


Id, - ■ ( 1 9X r ~ p - 1 - eX r - 2p Y p ~ l ) 


mod p, 


9%. 


rp 

2 CLm 


. Qx r — p ~i 


T + h = E h° P [ A], 

agf„ 


X r- 1 Y 


P 

mod p. 


mod p, 
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Clearly (T — a p )f is integral and its image in ind^ z J2 is 0 by Lemma [3ufi (iii). Therefore (T — a p )f 
lands in ind^ z VLi C md^ z P. Applying Lemma lT4l (ii) and Lemma f6~51 (i). we obtain that it maps 
to 


r 


2 ' 




rp 

2 CLp 


L/ [^2,p[A]> 1 
AelFp 



[3i,o> l] e indKzJi- 


Since r ^ 0 mod p, and as 0 , l] generates ind^- z J\ over G , the map ind^ z Ji -» F\ must factor 
through tt(0, ^,w). 

Since ind^ z Ji = (ind^- z F p ) ® (wodet), the elements of ind^ z Ji can be thought of as compactly 
supported F p -valued functions on the Bruhat-Tits tree of SL 2 (Q P ), with the usual right translation 
action of G twisted by wodet. Now (T — a p )f\ is integral and maps to — £ • Y2 [3 2 p [AP 1] ind^Ji. 

Using the definition of the usual sum-of-neighbours action of the Hecke operator on functions on 
the tree, or the formula for T given in (12.11) , we can see that this function cannot lie in the image of 
T — u, for any v G F p . This shows that F\ must be a proper quotient of 7r(0, □ 


6.4. Study of F 0 . Recall c := (a p — (!, )p 2 )/pa p , r = v(c), t = v{2 — r). We study F 0 , when r <t. 


Proposition 6.7. Let p > 3, r > 2 p, with r = 2 mod (p — 1) and assume v(a p ) = 1. 
(i) If t <t, then Fq = 0. 


(ii) If t = t, then Fg is a quotient of ix(p — 1 , A, u>), where A = 


2 K-Qp 2 ) 

pa p (2 - r) 


G F 


X 

V ' 


Proof. Let r > 2 p. Write r = 2 + n(p — 1 )p t , with t > 0 and n > 1, n co-prime to p. We assume 
that t <t. 

Since the functions we will define below are slightly more complicated than others that have 
occurred so far, we first define some basic ‘building block’ functions. Let 


A = [l,X r ~ 1 Y], 


B = 


1, 


l<j<r-l 
1 mod (p—1) 


r — 1 


X r ~^Y J 


and C= [l,X r ~ p Y p \. 


We set A' 




= A — C and B' = B + (r — 1)U. Also, for g G G, let 
= [g, Y ( )x r ~ j Y j + (r - 2)X r ~ p Y p } and 

l<j<i —1 / 

j=l mod (p —1) 


4b, 


Y M *99?, 

fi£Fp 


where \g is defined in Section [6TT1 
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Now consider the function / = /o + /i + /oo 6 incl^^ SynAQ 2 , with 

fo = 

h = 

foo = 

The equivalent expressions for fo above come from the identity — 1 + (r — 1) = — 

We now compute (T — a p )f in several simpler steps. 

In radius ‘—1 we have T~A = 0{p r ~ 1 ) and T~B = 0(p t+3 ), by Lemma E751 since r — j >p> 5 
and T~C = 0{p r ~ v ). Since r — 1 > r — p > t + 3, we see T~ f 0 = 0(p 2 ), and so dies mod p. We 
now compute the radius 0 term —a p fo + T~ f\. We have T~$ g = [ga, rpXY r ~ 1 ] + 0(p t+3 ), by 
Lemma l2~Gl so, for AeF p , 




pc 

-1 


2 a v c \ ^ y v[x] 
\agf. 


P~ 1 


C, 


E + (!-*)* 


9I,o 


1 — E ^ 0 ° + ^ 0 ° I • 

— n ,[x] y i,o I 


2c l 1 — p ' Ml .W 
agf, 


T~3> 




= rp 


r —1 

•E 

2=0 


r — 1 


[A] 


7*— 1— 2 


J £ r ~ 2y-2 


+ 0(p t+3 ), 


so 


T~h = 


rp(l - p) 

2 a p c 


1, 


E 

l<j<r-l 
1 mod (p — 1) 


r — 1 


X v ~oy j 


+ o(p 3 ). 


We obtain that -a p / 0 + T"/i = -[1,X^W - X^F* 4 ] + 0{p). 

Denote by /ioo,i the part of (T — a p )foo that lives in radius 1, and by /ioo ,2 the part of (T — a p )foo 
that lives in radius 2. Let us now compute the radius 1 term T + fo — a p /i + /ioo,i- 
We have 


T+A = E [< [A] , -[A]X r +pX- 1 y], T+C = E [5?, [A]) -[A]Xn + 0(p 2 ), 


agf d 


A£F d 


and 


T+B= E 


Agfa 


$i,[a]> [A] 


E 

l<j<r-l 

j = 1 mod (p —1) 


r — 1 


X r +p 


E • 

l<j<r-l 
j = l mod (p—1) 


r — 1 


A"- ] V 


+ o(E 2 ), 


using the fact that, for i > 2, p 4 Ei<y< r -i C/) (i) = 0(p* + 2 ); as follows from part (3) of Proposi¬ 
tion [T9] (and Lemma 12.51 which shows that the j = r — 1 term is of no consequence). Using parts 
(1) and (2) of the same proposition we see that Ei<j<r —1 Cj ) = 1 — r + np t+l + 0(p t+2 ) and 
PYhi<j<r-\Y~j ) = P 2 ( r ~ 1)/(1 — p) + 0(p t+2 ). All three sums here are as usual over j = 1 
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mod (p — 1). Substituting, we get 

T+B = [5?,[A], -W (1 - r + np t+1 ) + 


AeFp 


t+lt vr -1 Ix’-'Y] + 0(p t+2 ). 

1 -p 


This gives 


T + fo = ^[glo^X^Y] + l £ \gl w ,X r - 1 Y] + h + 0(p). 

AeFp 


where h is an integral linear combination of terms of the form [g : X r \, with g £ G. Rewrite this as 


T + f 0 = 


1 ~P 


2c 

We also have 
a pfi 


■ I j 


X r ~ 1 Y 


-- E 

2c ^ 

AeFp 


5i,[a]. I 1 


X r ~ x Y 


2 — r 
2c 


'Etelw’ xr ~ lY \ +h+0 to- 


A£F P 


1 -p 
2c 


S'?,o, 


E 


Ki<r-1 

j = 1 mod (p—1) 


X r ~0Y J 




A£Fp 


01, [A] J 


E 


l<j<r—l 
j = 1 mod (p —1) 


X r ~^Y J 


2 — r 
2c 


E K[ x],X r - p Y p ]. 


A£F P 


So 


T + fo~a P h = 


1 ~P 
2c 


01 , 0 ) 


E 


l<j<r-l 
j = 1 mod (p—1) 


X r ~^Y^ 


+ V- E [0?,[A]) X'-'Y ~ X r ~^} + h + Q(p). 


2c 


E 

AeFp 


01, [A]> 


E 


l<j<r-l 
j= 1 mod (p—1) 


X r ~^Y^ 


2c 


AGF P 


We now observe, by Lemma Ki. 31 that 


(T - a p )* g = (p - 1) 


E 


1 < j < r — 1 
j = 1 mod (p—1) 


X r ~^Y J 


+ a p Y [v\- 1 [gg 0 1M ,x r - 2 Y 2 }+O(p T+1 ), 

MS F£ 


since to = r. We deduce that 

( 

(! ~P) 


(T a p )/oo — 


V 


01 , 0 . 


E 


j = 1 mod (p—1) 


X r ~ 3 Y J 


+ E 


agf5 


„0 

01, [A]) 


E 


1 < j < r — 1 
j=l mod (p—1) 


X r ~^Y 3 


+ 97 ( EM 1 [ 01 , 001 , 2r2 ] + Y 7 T^ E E M 1 [ 01 ,[A] 01 ,M>- X ' r 2 A 1 ] +°(p)- 


A^eFp 


Putting everything together, in radius 1 we get that 

T+/o - a P h + /loo,! = E [0MA].^ r_1 ^ - + h + 0{p). 

agf p 


2c 
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Finally, let us compute the radius 2 term T + /i + hoo^- We have 


E (-Mr{ J )( r )r^H(r- 2 )^(-Mry( p )wT 

i> 0 l<j<r-l V Z / \J/ j_ 0 W 


= E 

p6F p 

j = 1 mod (p—1) 

Using all parts of Proposition 12.101 we get 


-i r 


T +$ = y M. 

9 ^ i-p 

MSF* 




X r-2y 2 


+ p t+i P + 0(p t+2 ), 


where b! is an integral linear combination of terms of the form [g,X r ], for g £ G. So 


-1 
2 dp c 


T+$ 0 = 


VG) 


2a p c(l — 


(1 2 n) E M 1 [fl'fl'l,[/*]» 2 Y 2 } + ti'+ 0(p), 

{ P HGF* 


where h" is an integral linear combination of terms of the form [g,X r ], for g £ G. Notice that 
2a~c(l-p) = ^2 ^p) + °(P)> 80 fin£lll y We § et 


T+ h — ~ 2 ^r ( i-p E E [m] 1 [5i,[A]5i,[p]>-^’ r 2 y 2 ]+ E M 1 [5i,o5i,[ M ]j-X’ r 2 ^' 2 ] J +/i"'+0(p), 

\ AgFp /igFp pgFp ) 

where h’" is an integral linear combination of terms of the form \g,X r ], for g £ G. Thus in radius 
2, we get that T + fi + hoo t 2 = h!" + 0(p). 

So, putting everything together, we see that 


(6.4) 


(T - a p )f = E [ffi,[A]. ox r -v- 1 ] - [l,ex^\ + h"" + o(p), 


2c 


AgFp 


where h"" is an integral linear combination of terms of the form [g,X r ], for g £ G. 

Now the term h"" above dies in ind^- z P. Moreover, by Lemma HOI (if. 0X r ~ p ~ 1 can be identified 
with X p ~ l £ J 0 . So, we see that the image of (T — a p )f in ind^ z P lies in ind^ z Jq and is 


2 -r 
2c 




AeF„ 


This immediately implies both parts of the proposition. 

6.5. Conclusion. 


□ 


Proof of Theorem \6.1[ We apply Proposition 16.41 Proposition 16.61 and Proposition 16.71 to find the 
possible structures of P 2 , Pi and Fq respectively. In each case we obtain a unique possibility 
for the semisimplification of 0 and we conclude using the (semisimple) mod p Local Langlands 
Correspondence (LLC). 

(i) If v(a 2 — Qp 2 ) = v(r — 2) + 2, then let A be the reduction mod p of 2 ^ ^-r) ^ ’ which is ' n ■ 
Then P 2 is a quotient of the principal series representation Tr(p — 3, A” 1 ,^ 2 ), Pi = 0 if p \ r and 
is otherwise a quotient of 7 r( 0 , v,u>), with v = £ F*, and Pq is a quotient of 7 r(p — 1, A, w). 
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Thus none of F 0 , Fi or F 2 can have a supersingular JH factor, and 0 is forced to be reducible 
with semisimplification 7r(p — 1, A, oj) ss © n (p — 3, A -1 , w 2 ). 

(ii) If v(a 2 — (Qp 2 ) > v(r — 2) + 2, then F 2 = 0, Fi = 0 if p \ r and is otherwise a quotient of 

7r(0, v, w). Again the mod p LLC forces F\ = 0, and hence 0 = F 0 = 7r (jp — 1,0, oj). 

(iii ) If v(a 2 - Qp 2 ) < v(r — 2) + 2, then necessarily r = 2 mod p, so F\ is a proper quotient of 

7r(0, and F 0 = 0. Since 0 lies in the image of the mod p LLC, we must have Fi = 0, 

and hence 0 = F 2 = 7r(p — 3,0, w 2 ). 

□ 

Remark 6.8. In part (i), clearly F 2 ^ 0. Also, if A ^ then A 0 = 7r(p — 1, A,w) and F\ = 0, as 

we will see in Proposition 17.351 If A = then A = ±1. In this case, an additional possibility in 

part (i) is that F 0 = St © (p\ ■ w o det) and F\ = p\ ■ uj o det / 0, by Proposition 16 . 61 (iih This might 

explain why it does not seem possible to show that F\ = 0 uniformly in all three parts. 


7. Reduction without semisimplification 

In this section we investigate more subtle properties of the reduction 14, ap - In particular, if the 
reduction is reducible and non-split, we wish to describe what type of extension one obtains. We 
shall assume throughout that p > 5, except for the last subsection where we allow p = 3. 

7.1. Results. In earlier sections we computed the semisimplification V£ s ap of 14, a p , using a par¬ 
ticular lattice. In [ ICollOj . Colmez defined functors (see Section [7721 for more details) that give 
a correspondence between certain G-stable lattices in IIfc, ap or its p-adic completion Iik,a p with re¬ 
spect to the lattice Qk,a pl and GQ p -stable lattices in T4, a , in a way that is compatible with reduction 
modulo p. So by choosing a suitable lattice 0' inside LIfc, ap we get a lattice inside 14 , ap , which we 
denote by P(0')i and the reduction of V(0') can be computed from 0', it is simply V(Q'). 

In this section we apply this in order to primarily investigate the following question. Assume 
that is isomorphic to w© 1 (up to a twist). It is well known, by work of Ribet, that there is 

a lattice inside 14, 0p that reduces to a non-split extension of 1 by u (up to a twist). One can ask 
whether this extension is “peu ramifiee” or “tres ramifiee” in the sense of |Ser87j . The answer does 
not depend on the choice of the lattice, which is unique up to homothety. In fact, the extension is 
given by a (non-zero) class in H 1 (GQ p ,Fp(w)) = Q P /(Q P ) P © F p , which has dimension 2 over F p , 
and changing the basis used to define this cohomolgy class only changes the class by a (non-zero) 
constant. The extensions corresponding to the (non-zero) elements in the line Z p /(Z p ) p ® F p are 
called “peu ramifiee”, whereas the extensions corresponding to the remaining (non-zero) classes are 
(by definition) called “tres ramifiee”. In the context of the results proved so far in this paper (see 
Sections 2] through [6] and Theorem ll.il) . this question arises in exactly two cases: 

(1) a = p — 1, p does not divide r + 1 and A = = ±1, so = ±(r + 1). 
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(2) a = 2, v(a 2 p - Qp 2 ) 
where 


is a p-adic unit. 


2 + v{r — 2) and u[a p ) = e, with e = ±1, so ^ = e| or e(l — r), 


zi(ap) := 


2(^-Qp 2 ) 

(2 - r)pa p 


In these cases, the standard lattice 0 = @k,a p studied in Section [4] (when a = p — 1) and Section [6] 
(when a = 2) does not always allow us to answer the question. For instance, in the first case V (0) 
is a twist of an extension of w by 1, and in the second case V(@) is a split extension when iq = 0 
(see Corollary 17.411 . 

We can however, study the reduction of certain non-standard lattices, and prove the following 
result. To simplify the statement, we introduce the following terminology. Let e £ {±1}- Assume 
we are in case (2) above, so that r = 2 mod (p — 1). The question of “peu” or “tres ramifiee” arises 
when 



a £ Q p 


v(a) = 0, v 




v{r - 2), 


2(q-(>-■) \ 

2-r /' 


Assume further that r ^ 2/3 mod p. It’s easy to see then that this (big) set is a disjoint union of 
two sets 


{a 6 Q p : v(a) = 0, v(a — er/2) > v(r — 2)} U (a £ Q p : v(a) = 0, v(a — e(l — r)) > v(r — 2)} . 
The first set is empty if r = 0 mod p and the second is empty if r = 1 mod p. 


Definition 7.1. We say that ‘a p is close to epr/2’ if a p /p is in the first set, and that l a p is close to 
ep( 1 — r)’ if a p /p is in the second set. 

For a p /p in the big set above, a p is close to epr/2 if and only if a p /p = er/2, and similarly, a p is 
close to ep( 1 — r) if and only if a p /p = e(l — r). 

Theorem 7.2 (Theorems 17. 181 [7.271 and 17. 341) . Let p >5, let r > p+ 1 and assume that v(a p ) = 1. 

(1) Suppose r = p — 1 mod (p — 1), p does not divide r + 1 and = e, with e £ {±1}- 

Then there exists a lattice L in 14 ,a p such that L is a non-split, “peu ramifiee” extension of 
p e by p e ■ w. 

(2) Suppose that r = 2 mod (p — 1) and r ^ 2/3 mod p. 

(a) Suppose a p is close to epr/2, for some e £ {±1}- Then there exists a lattice L in I4 )0p 
such that L is a non-split, “peu ramifiee ” extension of p E ■ to by p e ■ u 2 . 

(b) Suppose that a p is close to ep{ 1 — r), for some e £ {±1}- If r = 2 mod p, further 
assume that u(a p ) — e is a uniformizer of E = Q p (a p ) or that E is unramified over Q p . 

(i) If v(u(a p ) — e) < 1, then there exists a lattice L in I4 )Qp such that L is a non-split, 
“peu ramifiee” extension of p e ■ u by p £ ■ uj 2 . 

(ii) If v{u(a p ) — e) > 1, then there exists a lattice L in 14 ,a p such that L is a non-split, 
“tres ramifiee ” extension of p £ ■ uj by p £ ■ w 2 . 
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(in) Moreover, depending on the choice of a p satisfying a p /p = e(l — r), all isomor¬ 
phism classes of “tres ramifiee” extensions appear. 

The condition r ^ 2/3 mod p in part (2) of the theorem ensures that once we fix e, cases (a) and (b) 
above are mutually exclusive. We do not know what happens in case r = 2/3 mod p , although this 
is also a case where the distinction between “peu” and “tres ramifiee” could be made. The technical 
conditions imposed when r = 2 mod p in part (2) (b) is used in the proof of Proposition 17.451 (see 
also Remark 17.421) and could possibly be removed if one finds a more direct proof of Proposition 
E351 

7.2. Colmez’s Montreal functor. Let E be a finite extension of Q p , with ring of integers Oe and 
residue field fcu- 

We introduce the categories on which Colmez’s functors are defined (see [CollOl Intro., 4.]). We 
denote by Rep tors (G) the category of Oe[G]- modules that are smooth, admissible, of finite length 
and have a central character. We denote by Rep c , E (G) the category of 0E[G]-modules 0 that are 
complete and separated for the p-adic topology, without p-torsion and such that for all n, 0/p™0 
is in Rep tors (G). Finally we denote by Rep E (G) the category of iffGj-modules II with a lattice 
which is in Rep OE (G). Hence objects of Rcpe(G) are p-adic Banach spaces, and the lattice as in 
the definition defines the topology of the Banach space. 

Let n be a p-adic Banach space. Two Os-lattices 0 and 0' in n are said to be commensurable 
if there exists n , m such that p"0 C 0' C p m 0. In this case 0 defines the topology of n if and only 
if 0' does. Let n be in Reps(G) and 0 C n be a lattice which is in Rep OE (G), then any lattice 0' 
that is commensurable with 0 and stable by G is also in Rep C j E (G). 

In jCollO] . Colrnez has defined exact functors, which we all denote by V, that go from these 
categories to categories of continuous representations of Gq p with coefficients in E or Oe- More 
precisely V goes from Rep tors (G) to torsion Os-representations of finite length, from Rep c , E (G) 
to representations on free Os-modules of finite rank, and from Reps(G) to finite-dimensional E- 
representations. 

These various functors are compatible: if n E Reps(G) and 0 is a lattice in n as in the definition, 
then V(0) is a lattice in V(n), and V(0) = V(0) (see ('<>110 Theoreme IV. 2 . 14] for the properties 
of these functors). Moreover V(ILk,a p ) = 14.a,,, and V(Qk,a p ) ss = We will always consider 

lattices in Hfc )Qj) that are commensurable with 0fc, Qp , and all the lattices L C 14, ap as in Theorem 
17.21 are of the form V(0') for such a lattice 0' C Hfc, Qp . 

7.3. Preliminaries in characteristic p. We fix a finite field ks of characteristic p. Let St be the 
Steinberg representation with coefficients in &e- The definition of St is recalled in 47.3.21 below. 

7.3.1. Extensions of tt (p — 3,1, w) by St. 

Proposition 7.3 (Proposition VII.4.22 of [CollOl j. Any extension of n(p — 3, l,w) by St is split. 
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Corollary 7.4. If a = 2, u(a p ) = ±1 and F\ = 0, then 1/(0) is a split extension of p u ^ a ) • u by 
a—? —r • w 2 . 

^u(a p J 

Proof. Let us assume for simplicity that u(a p ) = 1. It follows from the computations of Section 6 
that in this case 0 is an extension of 7r(p — 3,1, w 2 ) by ir(p — 1,1, w). Hence 0 contains a line L on 
which G acts by w, and the quotient is an extension of n(p — 3,1, oo 2 ) by St ® oj, hence is split. The 
functor V takes the line L to zero ( [CollO . Tlieoreme 0.10]), and so V(0) = V(Q/L) is split. □ 

Remark 7.5. The conditions of Corollary 17.41 are fulfilled for example when a p /p = ±(1 — r) and r 
is not 1 or 2 or 2/3 modulo p. 

Remark 7.6. Note that the proof of Proposition 17.31 uses as an intermediate step the fact that if n 
is an extension of 7r(p — 3, l,w) by St, then V(n) is a split extension of 1 by w. 

7.3.2. Linear forms on St. Let C°(P 1 (Q p ), Le) be the smooth G-representation of locally constant 
functions on P^Qp) with values in Le- Then the Steinberg representation St is the quotient 
C°(P 1 (Q p ), kE)/kE of this space by the space of constant functions. 

Let A be the subgroup of G that is isomorphic to Q*, given by the set of ( g ?) G G, a G Q* , and 
let i : Q p —>• A, a >-»• ( g °). Let wgGbe the element (° J). 

Let 1(1) C G be the subgroup of K of matrices that are upper triangular and unipotent modulo 
p. It is well known that St 7 ^ is a line. If we view St as C°(P 1 (Qp), /ceV^E) then St /( ^ is generated 
by the image of the characteristic function of r L p . 

Lemma 7.7. There exists a non-zero linear form p : St —» Ue which is invariant under the action of 
A. The form p is unique up to multiplication by a scalar. Moreover, p o w = —p, and p is non-zero 
on St 7 ^. 

Proof. The existence and uniqueness of a non-zero p which is invariant under the action of A come 
from jCollOl Lemme VII.4.16]. Colmez also gives a description of such a linear form: it is a multiple 
of the map / i-A /(0) — /(oo), for / G C°(P 1 (Qp), fcs)/^, so the other two properties are clear. □ 

In fact we will use the following variant: 

Lemma 7.8. Let m G Z. There exists a non-zero linear form p : St®w m —>• w m which is A- 
equivariant. It is unique up to multiplication by a scalar. It satisfies p o w = (—1 ) m+1 p, and is 
non-zero on St 7(1) . 

7.3.3. Extensions of 1 by St. Let H = Hom cont (Qp , fee). In ICollOl , Para. VII.4.4], Colmez attaches 
to any r in H a representation E r of GL 2 (Q P ) with coefficients in kE which is an extension of 1 by 
the Steinberg representation St and which is non-split if and only if r is non-zero. (Note that in 
what follows we take E T to be the representation that Colmez calls E- T ). Any object of Rep tors (G) 
which is a non-split extension of 1 by St with coefficients in kE is isomorphic to some E T (Theorenre 
VII.4.18 in [CollOj ). 
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Note that Q* = p p -\ x (l+pZ p ) xp z . As fee is killed by p, we see that for all r £ H, r(p p _i) = 0. 
Hence r is entirely determined by r(l +p) and r(p). Let [r] G P 1 (/cb) be the class of (t(1 +p), r(p)), 
when the extension is not split. Then the isomorphism class of E T depends only on [r]. 

Let n be an extension of 1 by St. Here is a method for computing [r], following [CollOl VII.4.4]: 

Lemma 7.9. Let n be an extension of 1 by St. Let p be as in Lemma m and e an element of n 
that is not contained in the subrepresentation St. Then either p(i(l+p)e — e) = p(i(p)e — e) = 0 and 
the extension is split, or n is isomorphic to E r , for t such that [r] = (p(i(l+p)e —e) : p{i(jp)e — e)). 

Note that for all x G n and g G G, gx — x is in the subrepresentation of n isomorphic to the 
Steinberg representation, so we can indeed apply p to the given elements. 

We use also the following variant: 

Lemma 7.10. Let n be an extension of Lo m by St®w m , for some m G Z. Let p be as in Lemma 
1 7. <3’| and e an element of n that is not contained in the subrepresentation St <g>w m . Then either 
p(i( 1 +p)e — e) = p(i(p)e — e) = 0 and the extension is split, or n is isomorphic to E T ®u> m , for t 
such that [t] = (p(i( 1 +p)e — e) : p{i(jp)e — e)). 

7.3.4. Criterion for the extension to be “peu ramifiee”. Colrnez shows that if r ^ 0, then there exists 
a unique non-split extension class of 7r(p — 3,1, w) by E T which we denote by n T (' [CollOl Proposition 
VII.4.25]). 

Then Colmez’s functor attaches to H T a Galois representation V (n T ) which is a non-split extension 
of 1 by oj ( [CollOl Proposition VII.4.24]). The description of V(n r ) in CollOl Para. VII.3] gives: 

Proposition 7.11. V(n r ) is a non-split extension of 1 by ui and it is a “peu ramifiee” extension if 
and only if r is zero on Z* , that is, [r] = (0:1). 

Hence: 

Proposition 7.12. Suppose that n is a non-split extension of ir(p — 3, l,oj m+1 ) by E T ® uj m for 
some m G Z and some non-zero r. Then V(n) is a non-split extension of io m by uj m+1 , which is 
“peu ramifiee” if [t] = (0 : 1) and “tres ramifiee” otherwise. 

7.3.5. A special extension. The representation 7r(0,1,1) is a non-split extension of 1 by St. We want 
to know to which t G H it corresponds. We begin by giving a description of this representation in 
the spirit of [BL951 §3.2]. 

Let T be the Bruhat-Tits building of SL 2 (Q P ). It is a tree with vertices corresponding to homo- 
thety classes of lattices in Q?. Two lattices A and A' are neighbours if and only if, up to homothety, 
A c A' and A'/A = Z/pZ. Let us fix a basis (ei,e 2 ) of Q p . Let uo be the class of the lattice 
A 0 = Z p ei © Z p e 2 and let v n be the class of the lattice A ra = p n Z p ei © Z p e 2 , for n G Z. The group 
G naturally acts on T by its action on lattices. The vertices are indexed by KZ\G where the class 
KZg corresponds to the lattice g~ 1 vo- 
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Let 7 be the geodesic path in T that links the (u„) ne z- Let A be the set of vertices of T. We 
define a function 6 on A as follows. Let v £ A and let 7 „ be the unique geodesic path from vq to v 
in T. At first 7 „ is contained in 7 , then eventually leaves it if v qL 7 . We set S(v) = n where n is the 
last integer such that v n is on j v . 

Let i : Q* A i C G be as in Section 17.3.21 

Lemma 7.13. For all v £ A and for all a £ Z* , S(i(a)v) = 8(v) and 8{i{p)v ) = 5{y) + 1. 

Proof. If a £ Z*, then i(a)v n = v n for all n, and i{p)v n = v n +i. So this is clear when v is on 7 . 

Suppose v £ A is not on 7 , and let 7 „ be the path from vq to v. The vertices on this path are 
Vo,... ,v n ,v',... ,v where n = 5(v) and v' is not on 7 . For g £ G, gj v is the path from gv 0 to gv. 

For a £ Zp, the vertices on i(a)j v are Vo, ■. ■, v n , i(a)v',..., i(a)v with i(a)v' not on 7 , so 
8(i(a)v) = S(v). The vertices on f(p) 7 „ are v\,... ,v n +i,i(p)v',... ,i(p)v with i(p)v' not on 7 . 
If n > 0 then the path from vq to i(p)v is the path going from vq to Vi, followed by i(p)j v . If n < 0 
then the path from vo to i(p)v is the path obtained by removing the first step of i(p) 7 „. In both 
cases, we see that 6(i(j>)v) = S(v) + 1 . □ 

Let I = ind^Vo- Then I can be identified with the G-representation of functions with values 
in kE and finite support in A. The Hecke operator acts on / £ I via: (Tf){v) = Y^d(v w)=i f( w )- 
The algebraic dual representation / v of / is the representation k^, the set of functions on A with 
values in kE- Let Q = I/{T — 1), so that Q is the representation 7 r( 0 ,1,1). Then Q v C / v is the set 
of harmonic functions on A: Q v = {/ £ k%, f(v) = T,d(w,v)=i f( w )}- 

There is a special element in / v which is the degree function deg given by deg(u) = 1 for all 
v £ A. This function is in fact in Q v as each vertex of A has p + 1 neighbours. It follows from 
[BL951 Lem. 30] that the kernel of deg inside Q is the representation St, and in particular St v is 
Q v /deg. 

Let p, £ 7 V be defined by p{v) = S(v) £ kE for all v £ A. Then /z is in fact in Q v as 6 is 
harmonic. Its image p' in St v is invariant under the action of A: indeed it follows from Lemma 17.131 
that poi(a) = p + v p (a) deg so pi o i(a) = p', for all a £ . By the results of Section !?. 3. 31 we can 

use this linear form to compute the value of r (we can take for e the characteristic function of any 
vertex v £ A). It follows from Lemma 17.131 that r(Z^ ) = 0 and r(p) = 1. 

Proposition 7.14. The representation Q = 7 r( 0 ,l,l) is isomorphic to the representation E T , for 
t £ H defined by r(Z*) = 0 and r{p) = 1, that is, [r] = (0:1). 

7.3.6. A preliminary lemma. The proof of this lemma is similar to that of Lemma 3.2 in |BG09| : 

Lemma 7.15. Let F be a quotient of ind^ z Fo> with F ss — St©l. Then F = 7 r( 0 ,1,1). 

Proof. Let I = ind^ z Vo and let a : I —>• F be a surjection. The Steinberg representation St is 
known not to be a quotient of I. Thus any map a' : I —> F must be either the 0-map or surjective, 
since if the image were the trivial representation 1, then F would have St as a quotient, hence so 
also would I, by pre-composing with a. 
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Fix a surjection 7r : F —> Q, where Q £ {1, St} is an irreducible quotient of F, so that Q' := ker(7r) 
is also irreducible. Then / = 7r o a is also surjective and so 0 ^ f £ Home (I, Q). The finite- 
dimensional subspace generated by / carries a right action of the Hecke algebra via its action on I 
and the Hecke operator T has an eigenvalue (over F p ) (see also }BL94 i. Proposition 32] or |Bre03al 
Theoreme 2.7.1 (i)]). The only eigenvalue that can occur for the action of the Hecke operator T is 
A = 1 (which lies in fc# = R/vcie), since Q is not a quotient of 7r(0, A, 1) for any other A. Let f be 
the corresponding eigenvector and write /' = / o P(T), for some polynomial P(T). Then /' = 0 on 
the image of T — 1 in I. Let a' = a o P(T). Clearly a' ^ 0, since tt o a' = f ^ 0. By what we have 
said above, a' must be surjective. 

Consider now the map a’ o (T — 1): its image is contained in Q', as 7r o a’ o (T — 1) =0. As Q’ is 
properly contained in F, a' o (T — 1) must be the zero map. Thus a' factors through 7r(0,1,1), so 
F is a quotient of 7r(0,1,1). But F has the same JH factors as 7r(0,1,1), so F = 7r(0,1,1). □ 

7.4. A lemma on changing lattices. We denote by R = Oe the ring of integers of the finite 
extension E of Q p . The following lemma is very similar to Proposition VII 4.5 of [CollOj . but it is 
important for us that M is allowed to be reducible. 

Lemma 7.16. Let 0 £ Rep 0 (G) and n = 0 <8>o E P G Rep E (G), with n irreducible. Suppose that 
0 has a subrepresentation M that is indecomposable. Then there exists an OE[G\-lattice O' in n, 
commensurable to 0, such that O' is indecomposable and contains M as a subrepresentation. 

Proof. The second paragraph of the proof of Proposition VII 4.5 of [CollO] applies without change, 
with M playing the role of W \: note that at this point of the proof the fact that W\ is irreducible 
does not play a role anymore, only the fact that it is indecomposable. □ 

Corollary 7.17. Let 0 C Hfc )0p be an R[G]-lattice commensurable to Qk,a p - Suppose that 0 is an 
extension of n(p — 3,1, ui m+1 ) by M, where M is an extension of uj m by St<S>w m , for some m £ 1. 

If M is non-split and isomorphic to E T ® w m for [r] = (0 : 1) , then there exists a lattice O' 
commensurable to 0 such that V’(0 / ) is a non-split, “peu ramifi.ee” extension of w m by Lo m+1 . 

If M is non-split and isomorphic to E T for [r] = (1 : a;), for some x £ Le, then there exists 

a lattice O' commensurable to 0 such that V(&) is a non-split, “tres ramifiee” extension of w m by 
w m+1 . 

Proof. It suffices to apply Lemma 17.161 to 0, M and then apply Proposition 17. 121 

7.5. The case a = p — 1 and r > 2p — 2 and p does not divide r + 1 and 

e = t—jItt i so that e = ±1. 

p(r+l) ’ 

7.5.1. Statement. 

Theorem 7.18. Let p > 5 and r > 2p — 2. Suppose p — 1 divides r, p does not divide r + 1 and 
a p /p(r + 1) = ±1. Then, there exists a GL 2 (Q p )-stable lattices O' in Pk,a v such that V(0') is a 
non-split, “peu ramifiee” extension of p a / p (. r+1 ) by p a / p ^ r+1 ' ) • w. 


□ 

= ±1. Let 
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Moreover, in this case the lattice 0' can be made entirely explicit. 

7.5.2. Another lattice. Consider the lattice V r = Sym r Zp + ? 7 Sym r_ ( p+1 ^Zp in SynTQ 2 , where r) = 
9/p. This lattice is stable under the action of K , as for all 7 G K , we have 777 G Z p r] + Sym p+ 1 Zp. 

Let 0' be the image of ind^- z V r inside ind^ z Sym r Qp/((T — a p )ind^ z SynTQp) and let 0 ? be its 
reduction modulo . We denote by n' the map ind^- z V r -A- 0^ and by if' the map ind^ z V r —» Q* 
where V r is the reduction of V r modulo . 

Theorem 7.19. V(0 ) is a non-split, “peu ramifi.ee” extension of p E by p, e -u>. 

Proof. This follows from Lemmas 17.241 and 17.251 below, and from Propositions 17.121 and 17.141 □ 

7.5.3. Factors ofV r . We define some submodules of V r . First, let Mi be the submodule SynT’Zp 
of V r - Let Mo be the Z p [7L]-submodule generated by X r inside M\. Let N be the Z p -submodule 
? 70 2 Sym r 3(p+i)z2 if r > 3 fp 4 . l), and N = 0 otherwise. Finally, let M 2 = Mi + N. 

Lemma 7.20. The submodules Mo , Mi and M 2 are stable under the action of K. 

Proof. For Mo and Mi, this is clear from the definition. For M 2 , this follows from the argument 
used to show that V r is stable under the action of K. □ 

Let M 0 , Mi, N and M 2 be the images in V r of M 0 , Mi, N and M 2 respectively. Hence we get a 
filtration: 

0 C M 0 C Mi C M 2 C V r - 

Lemma 7.21. Mi is isomorphic as a K-representation to V r /V*. In this isomorphism, Mq corre¬ 
sponds to the submodule generated by X r . In particular, Mq is isomorphic to V p -i and Mi/Mo is 
isomorphic to Vo- Moreover, a basis of Mi is given by the images of the elements X r and X l Y r ~ l , 
for 0 < i < p — 1, and a basis of Mq is given by the images of the elements X r and X l Y r ~ l , for 
0 < i < p — 2. 

Proof. Mi is the image in V r of Mi, hence is a quotient of V r . To see which quotient, we must 
compute (m^W) FI Mi. As a Zp-module, V r has a decomposition Z p X r © (®fT 0 1 ZpXW r ' _I ) © S 
where S = r]Sym r ~^ p+1 ^7, p . In this decomposition, Mi = Z p X r © (®f'r o 1 ZpA*F I ' _! ) (BpS, and pS 
is 0Sym r_ ^ p+ 1 ^Zp. Hence (niQ p V r ) fl Mi = mQ p X r © (®i > Z 0 1 mQ p XW r ' - *) © pS. So finally, Mi is 
isomorphic to V r /V*. The reasoning for Mq is similar. □ 

Lemma 7.22. The Jordan-Holder factors of V r /M 2 are contained in the set {V /_5 © D 2 ,V 4 © 

Dp- 3 ,V p - 3 ®D,V 2 ®Dp- 2 }. 

Proof. In the notation of the previous lemma, V r /Mi is isomorphic to S'/mQ p 5, that is, 0V/_(p + 1 ). 

Suppose r > 3 (p+ 1). Then the submodule 9 3 V r _ 3 ( p +i) corresponds to the image of N under 
this isomorphism, hence V r /M 2 = 9V r _^ p+ i)/9 3 V r _^ p+ i^, whose JH factors comprise the set stated 
in the lemma. 
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Suppose r < 3 (p + 1). Then r = 2p — 2, r = 3p — 3 or p = 5 and r = 16, as p — 1 divides r. If 
r = 2p — 2, then Mi = M 2 and V r / M 2 is isomorphic to V p - 3 <g> D. If r = 3p — 3, then Mi = M 2 
and the JH factors of V r /M 2 are given by the set {V p -$ <8> D 2 , V p _ 3 <S> D, V 2 <S> D p ~ 2 }. If p = 5 
and r = 16, then Mi = M 2 , and the JH factors of Vie/M 2 are given by the set {14 <g) D 2 , V 2 ® D, 
V 2 ® D 3 }. □ 

7.5.4. Study of n'. 

Proposition 7.23. We have: 

(1) For all F G Sym r - 3(p+1) Z2, and all g&G, we have 7r'([<7, p6 2 F]) = 0. 

(2) ind^- z Mo C ker7r'. 

Proof. For (1), given F G Sym r_3 ^ p+1 ^Zp, consider / = — (l/a p )[g, g9 2 F). Then the computation of 
(T — a p )f shows that the image of [g, rj9 2 F] in 0' is zero. For (2), consider / = [Id, (9 / X)Y r ~ p ], □ 

We already know from the computations in Section [4] with the lattice 0 which is the image of 
ind^ z Sym r Zp that, for r > 2 p, the JH factors that appear in 0 are /x e , St and n(p — 3,£,w) 
(see, in particular, Proposition 14.411 . This is also true for r = 2p — 2, by |Bre03bl Thm. 1.4]. 

By Proposition [723] (1), the images in 0 of ind^M. and md% z M 2 are the same. Hence all the 
JH factors of 0 ; are subquotients of ind^ z Mi or of ind^ z (Vr-/M 2 )- 

Using Lemma 17.211 and p > 3 we see that the JH factor 7 x{p — 3,£,w) appears as a subquotient 
of ind^ z (V r /M 2 ). The JH factors p E and St®^ £ can only appear as quotients of ind^ z Vo or 
ind^ z Ip_i, hence by Lemma f7.22l we see that these factors can only appear as subquotients of 
ind^ z Mi. Moreover, by Proposition 17.231 (2), the image of ind^- z Mo in 0' is zero. Hence both 
factors p e and St <8>/i e appear as subquotients of ind ( f z (Mi/M 0 ) = ind^Vo- The only possibility 
is then that the image of ind^ z (Mi/M 0 ) in ©' is isomorphic to 7r(0,£, 1), as the only quotient of 
ind^ z Vo that has both these JH factors is 7r(0,e,l) (cf. Lemma 17.151 above!. Hence 7r(0,£, 1) is a 
subrepresentation of ®'. 

We deduce from this: 

Lemma 7.24. There is an extension: 0 —* n(0,e, 1) -A 0 -A n(p — 3 ,e,ui) —>• 0. 

7.5.5. Study of the extension. 

Lemma 7.25. The extension in Lemma 1 7. 2f \ does not split. 

Proof. Suppose that the extension is split. Then there exists a G-equivariant projection 0 —> 
7r(0,e, 1). As 7r(0,£, 1) has a quotient x = Me ° det which is of dimension 1, there exists a G- 
equivariant non-zero map 0 —> y. By composing with 7 1' we get a non-zero map 4> : ind^ z V r -A %. 
Moreover, the restriction of (j> to ind^- z Mi is still non-zero as 7r(0, £, 1) is the image of ind^- z Mi by 
7f'. But the restriction of </> to ind^- z Mo is zero, as the image of ind^ z Mo inside 0' is zero. 

Denote by z the image of gY r ~ p ~ 1 in V r . We have <K[Id, (\ J) z\) = ({ 5) <^([Id, z]) = </>([Id, z\), 
as det (1 1 ) = I- Let us compute ({ °) z. By computing in V r and reducing modulo , we see that 
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( 11)2 = z + YnZl S i X l Y r ~ l where Si = (?) /p, for 1 < i < p- 1. Hence Y%=i <W(pd, X l Y r ~ *]) = 0. 
For 1 < i < p— 2, the image of X l Y r ~ l inside V r is in Mq (see Lemma f7. 2 II) . Hence </>([Id, X l Y r ~ l \) = 
0, for 1 < s < p - 2. The previous equality reduces to <5 p _i</>([Id, X p ~ 1 Y r ~ p+1 }) = 0. Hence 
</>([Id, X p ~ 1 Y r ~ p+1 ]) = 0. But x p ~ 1 Y r ~ p+1 generates M\/Mq as a Ji-representation so we deduce 
that the restriction of <j> to ind^foTi is zero. 

We arrive at a contradiction, hence the extension is in fact not split. □ 

Remark 7.26. It follows from Lemma T7. 241 Corollary 17.171 and Proposition 17. 141 that, the reduction 
Vk,a p is “peu ramifiee”, at least if e = 1, for some lattice whose reduction is non-split, even without 
knowing that 0' is non-split (Xemma l7.25l) . However, checking that 0' is non-split allows us to give 
an explicit lattice ©' satisfying the conditions of Theorem 17.181 

7.6. The case a = 2 and a v is close to epr/2 and r is not 2/3 mod p. Let E = Q p (a p ), let 
R = Oe and let mg be its maximal ideal, with uniformizer vj. 

7.6.1. Statement. 

Theorem 7.27. Let p > 5 and r > p + 1. Suppose that r = 2 mod (p — 1), r ^ 2/3 mod p, and 
that a p is close to epr/2, for e G {±1}- Then there is a lattice 0' in Hk,a p such that H(0 / ) is a “peu 
ramifiee” extension of p s ■ to by p e ■ u> 2 . 

Note that the condition that a p is close to epr/2 implies that a p /p / e(l — r), asr / 2/3 mod p. 
It also implies that r ^ 0 mod p. 

7.6.2. The case r = p + 1. Let us begin with the case r = p + 1. The semisimplification of the 
reduction modulo p of 14, ap is already known in this case by |Bre 03b] . [BerlOj . and is Vf/ a = 
p\U) 2 ® Px-ilo , with A = 2 a p /p G F p . The distinction between “peu ramifiee” and “tres ramifiee” 
was also studied in an unpublished paper of Berger-Breuil [BBI using (<p, T)-modules (see also |Viel2| 
for a more general result). We give a proof using our methods as this is the smallest weight for which 
the distinction between “peu ramifiee” and “tres ramifiee” arises when v(a p ) = 1. We keep the same 
notation as in Section [ 6 ] 

Proposition 7.28. Let A = 2 a p /p. Then Fq = 0, F\ is a quotient o/ 7 r( 0 , A,w) and F<i is a quotient 
°fn{p- 3, A _ 1 ,w 2 ). 

Proof. As mentioned, this was computed by Breuil in |Bre03b| . We sketch a proof by the methods 
used in Section [ 6 j but the computation is simpler for r = p + 1 than what was done there. For Fq, 
we already have Jo = 0 in the filtration of P, for r = p + 1. For Pi, compute (T — a p ) [Id, (1 /p)6] and 
observe that 9 = 2X P Y = —2XY P mod X p+ i. For P 2 , compute (T — o P )(^ A [sJ [ A p (1 /p)(X p ~ 1 Y 2 — 
Y p+1 }). □ 

Corollary 7.29. 0 p + 3 iQp is an extension of n(p — 3, A -1 , oj 2 ) by 7 r( 0 , A, oj) and ~ p\ • w 2 ® 

/i A -i ■ u, for A = 2 a p /p. 
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Theorem 7.30. Let p > 5 and r = p + 1. Suppose that a p /p = ±1/2, so that A = ±1. Then there 
exists a lattice 0' in n p + 3 j0p such that V(0') is a “peu ramifi.ee” extension of p\-i • w by ■ uj 2 . 

Proof. By twisting, we may assume A = 1. The theorem then follows from Corollary 17.171 and 
Proposition 17. 141 □ 

7.6.3. The case r > p + 1. Now we will generalize the theorem above to the cases r > p + 1. For 
simplicity, we shall assume a p /p = +r/2 £ Ise since the proof in the case a p /p = —r /2 is identical. 
Recall that the conditions v(a p ) = 1 and a p /p = r/2 together imply that r ^ 0 mod p. 

Recall that when a = 2, the submodule W\ = Vf /Vf* = Jo 0 Ji C P, where Jo = V p -\ <g> D and 
Ji = Vo <g> D. The image of \i\d KZ W\ in 0fc iQp was denoted by Ui. 

Let F[ be the image in U\ of the submodule ind^ z Ji of ind^ z Wi. Then Fq := U\/F[ is a 
quotient of ind ^- z Jo and we have a diagram similar to Diagram (13.211 : 




ind^JTi 




(7.1) 


0 


F[ 


Ui 




0 . 


Proposition 7.31. Suppose that r = 2 mod (p — 1) and that v(a 2 — (’ 2 )p 2 ) = 2 + v{r — 2). Let 
A 6 Fp be the reduction mod p of — f X-r) ■ Suppose that a p /p is not equal to A(1 — r). Then 


Fq = 0 . 


Note that Jo 7 ^ 0, by Remark [6781 so Fq and Fq do not always coincide, although each occurs as 
a common factor in both ind^- z Jo and U\. 

In order to prove the proposition, we need a few lemmas. 

Lemma 7.32. Let p > 3, r > 2 p, with r = 2 mod (p — 1). Then the image of F ( X , Y ) = 
X r - l Y+ 1 --eX r ~ 2 vYP- l - r --0Y r -P- 1 in P lands inW 0 {= Jo C P) and it maps to --XP~ l e J 0 . 

Proof. Using Lemma [3.41 and Lemma [6.51 (i), we get that F ( X , Y ) maps to 0 S J 2 , and it maps 
to— ! + ! + 0 = 0eJi. Therefore its image in P lands in Wo, as claimed. To find its image in 
Jo = Vp-i ® D, we rewrite F ( X , Y ) modulo X r + V ** as follows: 


F ( X , Y ) = X r ~ l Y + - ■ OX ^ YP - 1 - - ■ QY ^ p - 1 + - ■ ^ k p ~ 2 (kX + Y) r mod X .. 


fceF p 


= — . Qx r ~ 2 p Y p ~ 1 — — • QY r ~P~ 1 4- X r—1 Y — — 
~ 2 2 ~ r 2 


E 


0<j<r 

j =1 mod (p—1) 


) X r - j Y j mod p. 


The last polynomial is divisible by 9 , since, by Lemma liOU ih the sum of its coefficients is 0. Writing 
it as an element in 9 V r - p -1 = V *, we must have 


F ( X , Y ) = 9 • + 0 Y r ~ p - 1 + (l - 0 x r ~ p ~ 1 + c ■ x r ~ 2 p Y p ~ 1 ^ mod + U r 


** 
r J 
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for some c £ F p . We already know that F(X, F) maps to 0 £ J\, so c = 0 £ F p , by Lemma HP (ii). 
Now the result follows by Lemma l3~4l (41 applied to the right hand side of the congruence above. □ 


Lemma 7.33. Forr > 2 p, the projection Pr : W\ = V*/V** -» J 0 = V P -\®D takes the polynomials 
9X S , 9Y S and 9X r ~ 2p Y p ~ 1 to X p_1 , F p_1 and X p ~ x + F p_1 respectively, where s = r — p — 1. 
Moreover, the image of X r ~ 1 Y in P lands in W\ and it projects to (1 — r) • X p ~ x £ Jq. 


Proof. The image of 9X S is X p ~ x , Lemma T3.41 fib The image of 9Y S is then obtained by applying 
the matrix w = (° q) to it and by using T-linearity of Pr. The image of 9X r ~ 2p Y p ~ 1 under Pr can 
be calculated using the action of w , the diagonal matrices and the unipotent matrices of T, on the 
polynomial 9X r ~ 2p Y p ~ 1 , and is left as an exercise. 

The polynomial H(X,Y) := X^Y + f ■ QX r - 2p Y p - 1 - ■ 9Y S - • 9X S £ V r maps to 0 

in P, by Lemma 17.321 and Lemma 13.41 (i). Therefore using the previous calculations we obtain 

Pr(A' r- 1 F) = - T - ■ {XP- 1 + F p_1 ) + T - ■ F p_1 + • X p ~ x = (1 - r) ■ X p ~\ 

□ 


Id, ^ • 9X S 

’ p 


E 

AeF„ 


£ ind^ z Sym r Qp and com- 


o° 


l KZ -v.p 

x t ~ 1 y' 


mod p , which 


Id, -X p 1 + Yf gl [A ,, (1 - r) • X p 1 in ind£ z J 0 , by Lemma 17.331 

J AeF„ L ,l J 


Proof of Proposition We consider the function f = Id, ^ • 9X S 
pute that (T — a p )f is integral and reduces to — 

further maps to — 

This shows that Fq = 0, when r = 1 mod p. Suppose now that r ^ 1 mod p. Then Fq is a 
quotient of n(p — 1, p ^f_ r ) , w). It follows from the proof of Theorem 16.11 (i) that the JH factors of 
U\ are the same as the JH factors of 7 r(p — 1, A, w). But we have assumed that A is not equal to the 
reduction mod p of yjy , so n(p — 1, A,w) and n(p — 1, w) have no common JH factor. So 

*o = 0. P □ 


Proof of Theorem \7.27\ Consider the subrepresentation U\ of @k,a p - Its JH factors are those of 
n(p — 1,1, oj), that is w and Stow. Consider its subrepresentation F[ and quotient Fq = U\/F[ as 
above. We are in a situation where Proposition 17.311 applies, as we remarked after the statement 
of Theorem 17.271 So U\ = F[ is a quotient of ind^ z (Fo ® D). This forces U\ to be 7 r( 0 , 1,w), by 
Lemma 17. 151 The theorem now follows from Corollary 17.171 and Proposition 17.141 since Qk,a p is an 
extension of tt (p — 3,1, w 2 ) by U\. □ 


7.7. The case a = 2 and r > 2p and a p is close to ep( 1 — r) and r is not 2/3 modulo p. Let 

E = Qp(a p ), let R = Oe and let m^; be its maximal ideal, with uniformizer w. 


7.7.1. Statement. 


Theorem 7.34. Let p > 5 and r > 2 p. Suppose that r = 2 mod ( p — 1) , r ^ 2/3 modulo p, and 

2( fl 2_ ( r \p 2 ') 

that a p is close to ep( 1 — r), for e £ {±}. Let u = u(a p ) = ( 2 -r) ■ V r = 2 mod p, assume 

further that either E is unramified over Q p or u — e is a uniformizer of E. 
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(1) If v{u — e) < 1, then there exists a lattice 0' in IIfc j0p such that U(0') is a “peu ramifiee” 
extension of p e ■ oj by p e ■ u 2 . 

(2) If v{u — e) > 1, then there exists a lattice 0' in II *. )0 such that V(fd') is a “tres ramifiee” 
extension of p e ■ u> by p e ■ oj 2 . 

(3) Moreover, for a fixed r ^ 1 mod p, all isomorphism classes of “tres ramifiee” extensions 
appear depending on the choice of a p . 

Note that the condition that a p is close to ep( 1 — r) implies that u(a p ) = £ ^ rp/2a p , as r ^ 2/3 
mod p. It also implies r 1 mod p. 

Under the conditions of the theorem, we have that F\ = 0, by the following proposition. 

Proposition 7.35. Suppose that v(a 2 — ( r 2 )p 2 ) = 2 + v(r — 2). If A = ( 2 -r) ^ ^ r P/^ a p> then 

F- t = 0. 

Proof. Recall that F\ is a proper quotient of 7 r( 0 , rp/2a p , to), by Proposition [03 an d we can assume 
that p does not divide r. 

If rp/2a p ^ ±1, then 7 r( 0 , rp/2a p ,u) is irreducible, and so JFi = 0. 

In general (allowing rp/2a p to be ±1), by the mod p LLC, we know that the JH factors of Fee Fi 
and F 2 are contained in the JH factors of 7 r(p — 1, \,oj) and n(p — 3, A _1 ,w 2 ). As A ^ rp/2a p , the 
JH factors of 7 r( 0 , rp/2a p , w) are not contained in this set and so F\ = 0. □ 

Remark 7.36. The final paragraph of the proof of Proposition 17.351 does not make any distinction 
between whether rp/2a p = ±1 or not. However, it will be useful later to know that if rp/2a p 7 ^ ±1, 
then we can prove F\ = 0 without using the mod p LLC and solely by computing explicit elements 
in the kernel of the map ind^/ z V r —>• Qk,a p ', see Remark 17.421 This is why we have separately 
mentioned the proof given in the second paragraph above. 

For the rest of this section, fix a p , r and u = u(a p ), as in the hypotheses of Theorem 17.341 We 
suppose also that e = 1 (and so a p /p = 1 — r) to simplify notation, since the proof in the case that 
e = — 1 is identical. 

We define an element 6 £ R as follows: 

j u — 1 if v(u — 1 ) < 1 , 
if v{u — 1 ) > 1 . 

Note that 6 is a uniformizer of E if and only if either u — 1 is a uniformizer of E or E is unramified. 

7.7.2. Comparing lattices for different values of a p . In this subsection (and only in this subsection), 
we make the assumption that r ^ 2 mod p. 

Let A = ind^ z Sym r i? 2 . Let 0 be the standard lattice for a p and let 0^ be the standard lattice 
when we take a p = p( 1 — r) £ Z p C R for the value of a p , thought of as an i?-lattice. Then: 

Proposition 7.37. 0 <S>r and <d° R <8 >r are isomorphic as R[G\-modules. 
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Let M = (T — a p )(A E)flA and M 0 = (T — a°)(A <g># E) n A. We have that 0 R/(S) = 
A /(M + 5A) and 0° R R/(8) = A/(M 0 + AA) as representations of G, so to prove Proposition [A37] 

it is enough to prove the following result: 


Proposition 7.38. M + 5A = Mq + 6A. 


In order to prove this proposition, we introduce the submodule M' of M generated over i?[G] by 
all the functions of the form ( T—a p )f that we used to compute V™ in the proofs of Propositions RTTl 
16.61 and 16.11 To be more precise, M' is generated by the integral functions (T — a p )f introduced in 
the proofs of these propositions, and also the functions / used in [BG09] Rem 4.4] to show that X r 
and V** do not contribute to 0. 

Let Mq be the analogous i?[G]-submodule of Ma generated by the integral functions (T — a°)/°, 
for the rational functions f° as above defined using a° = p( 1 — r). We have: 

Lemma 7.39. M' + 5A = Mq + <5A. 


Proof. It is enough to show that the various functions (T — a p )f and (T — a°)/° used to define M' 
and Mg are same modulo 5A. 

The functions (T — a p )f and (T — a ]])/ 0 used to show that V** and X r do not contribute to 0 
and 0^j respectively, are the same even up to pA. Next, the identity 


u — 1 = 



P_ 

CLp 




(1 -r) 


implies the equality of valuations v{u — 1) = v — ( 1 — r)^, as the other factors are units by the 
hypotheses v(a p ) = 1, r ^ 2 mod p and a p /p ^ ±r /2 G F p . Using the definition of <5, it follows that 

/ „ „o\ 


P 


P 




P 


Using this, one checks case by case that for each of the functions / and /° used to define M' and 
Mq respectively, the integral functions (T — a p )f and (T — a®)f° are the same modulo 5A. □ 


Remark 7.40. The lemma also holds for r = 2 mod p, since a p /p is close to 1 — r implies that we 

a° 

may replace the inequality above with v(^ — ^-) = v(u — 1 ) + v(2 — r) > v(8). 

Lemma 7.41. A/' + voA = M + wA and Mg + wA = Mq + voA. 


Proof. Since M' C M, there is a G-equivariant surjection A/(M' + voA) —> A/(M + wA). This map 
is in fact an isomorphism. Indeed, looking back at Section [6] we see that we effectively computed a 
list of possible JH factors in A/{M' + vj A), that is, we computed the set S = JH(A/(M' + cuA)). 
More precisely, Propositions 16.4116.71 and (part off 17.351 show that S = {oj, St ® w, ir(p — 3, l,w 2 )}. 
The surjection above implies that JH(A/(M + ti 7 A)) C S. However, considerations about the mod p 
LLC show that JH(A/(MT-cuA)) = S, and so we have JH(A/(Af' + wA)) = S = JH(A/(M + toA)). 
Hence the kernel of the map above is zero, so M' + mA = M + wA. 

The same reasoning applies to Mq and Mq. □ 
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Remark 7.42. It is in the proof of this lemma that we use the additional condition r 2 mod p. 
Indeed, as r ^ 2/3 mod p , we have rp/2a p yf ±1 if and only if r ^ 2 mod p, and we can use the 
second paragraph in the proof of Proposition 17.351 . When r = 2 mod p, JH(A/(M + vjA)) C S, 
but we do not have equality. Indeed, in this case we have = _L_ = — l and Proposition 17.351 
is proved using the mod p LLC and so does not give information about M'. Propositions 16.4116.71 
and 16.61 do show that the set S = JH(A/(M'+ wA)) = {w, St 0 u, oj 0 /x_i, 7r(p — 3,1, oj 2 )}, as 
A = e = 1. However, considerations about the image of the mod p LLC show that necessarily 
JH(A/(M + wA)) = {St 0 u>, oj, n(p — 3,1, oj 2 )} ^ S. 

We now remark that M and Mq are saturated, that is, if z G A is such that wz G M, then z G M. 
We then deduce from Lemma r7.43l below. applied to (A, M, A/') and (A, Mo, Mg), that M' + 5A = 
M + SA and Mq + SA = Mq + 5A, hence M + 5A = Mq + SA , which completes the proof of Proposition 

177381 

Lemma 7.43. Let A be a free R-module, M C A a saturated submodule, and M' C M a submodule 

such that M + wA = M' + wA. Then M + w n A = M' + w n A, for all n > 1. 

Proof. We reason by induction on n. Suppose that M + w n A = M' + zu n A. Let x G M. There exist 
y G M' and 2 G A with x = y + w n z. Then w n z G M, hence z G M, as M is saturated. So there 
exist y' G M' and z' G A, with 2 = y' + vjz' . Then x = {y + w n y') + w n+1 z' G M' + w n+1 A. □ 

Note that in the course of proving Proposition 17.381 we have also proved: 

Corollary 7.44. M + voA = Mo + wA, and hence 0 is isomorphic to &° R . 

7.7.3. Study of the standard lattice. We allow again the case r = 2 mod p. 

Let 0 = 0fc lQp C n fejap be the standard lattice, and let 0 C L[fc,ap be its completion. Let 

A = ind^^ Sym’ R 2 . 

As JFi = 0, by Proposition (7725J we know that 0 is an extension of 7 r(p — 3,1, w 2 ) by n{p— 1,1, w). 
Hence we have a filtration of 0 with successive quotients ui, St 0 w and n(p — 3, l,w 2 ). We want to 
lift this filtration to 0 . 

Let A 0 = ind^ z Sym r Z 2 and let 0° be the standard lattice defined over Z p , for a p = p(l — r) G Z p . 
Thus <d R = 0° R- Let B\ be the set with one element which is the image of [Id, 6X r ~ p ~ 1 ] + 
[a, QY r ~ p ~ 1 ] in 0°, so that the line L in 0° generated by B\ is the line on which G acts by lj. Let B 2 
be a free family of elements of 0° such that £> 1 UB -2 generate the subrepresentation n(p—l, 1, oj). Let 
S 3 be a free family of elements of 0° such that B\ US 2 US 3 is a basis of 0°, and moreover the image 
of S 3 in 0°/L generates the subrepresentation of 0°/L isomorphic to n(p—3, 1, w 2 ), which is possible 
as 0°/L is a split extension of n(p — 3,1, w 2 ) by St 0 w, by Proposition [773] We lift each Sj to a free 
family S' in A 0 , taking B[ to be the singleton set with the element [Id, 6X r ~ p ~ 1 ] + [a, 9Y r ~ p ~ 1 ]. 

For 0 coming from any a p , we now take Si to be the closure of the free i?-submodule generated 
by the image of S' inside 0, under the composition of maps A 0 —> A —> 0. By construction, we have 
a decomposition of fc_E-vector spaces 0 = (0° 0 f p Le) = Si 0 S 2 0 S 3 (the first equality is Corollary 
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17.441) . with Si = L fcg the line on which G acts by to and Si © S 2 is the subrepresentation 
isomorphic to 7 r(p — 1,1, w). In particular, 0 = S\ © S 2 © S 3 . We set Mi = Si and M 2 = Si © 52 - 
Let Mi be their reductions modulo tng, for i = 1, 2. The sequence of iJ-modules 0 C Mi C M 2 C 0 
lifts the filtration of 0 . 

For 1 < i,j < 3, we define functions a^-j : G —>• Horn (S'*, Sj) so that, for all g G G and x G Si, we 
have gx = a*, 1(5) (2;) + ai, 2 (g)(x) + 04 , 3 ( 5 ) (a;). If j > i, then we have dij(g) € msHom^, Sj), for 
all g £ G. Moreover, by the choice of £> 3 , we have 03 , 2 ( 5 ) G tnEHom(S 3 , 52 ), for all g G G. 

Proposition 7.45. We have: 

(1) 01 , 2 ( 5 ) £ <5Hom(Si, S 2 ), for all g G G. 

(2) 03 , 2 ( 5 ) £ <5Hom(S' 3 , S 2 ), for all g G G. 

Proof. If S is a uniformizer of E, both results follow from the remarks just before the statement of 
the proposition. 

Now suppose that <5 is not a uniformizer of E. In particular, by the hypotheses of Theorem l7.34l 
we have r ^ 2 mod p and we can use the results from Section 17.7.21 

Let us denote by a superscript 0 all the analogous constructions with a p = p( 1 — r). So E° = Q p , 
8° = p is a uniformizer of E°, Sf is the subspace of 0° defined as before. Hence we get that 
“ 1 , 2 ( 5 ) £ pHom(S'5 ) , S 2 ), for all 5 G G, and 03 , 2 ( 5 ) G pHom(Sg, S 2 ), for all 5 G G. 

We consider now <d° R = 0° ©z p R and let Sf R be the closure of the image of 5° in Q° R . Then S» 
is the closure of the i?-submodule generated by the image of the elements of inside &° R . 

Then we can also define elements a° ■ R (g) G Hom(S , l ° fl , S® R ) which come from the elements 
af(j{g) G Horn (Si,Sj) by i?-linearity. In particular, aP ijR {g) G pHom(5? i j, S° iR ) if j = 2 and i = 1 
or * = 3. 

By Proposition 17.371 there is an isomorphism of i?[G]-modules if : Q° R /{8) —> 0/(i5). By the 
construction of the submodules Si of 0 , we have that if induces an isomorphism between S® R /(S) 
and Si/(5). Indeed, if M and Mq are as defined just after the statement of Proposition 17.371 then 
both spaces arise from the R- module generated by the image of the elements in £>,' in A/(Mq + SA) = 
A /(M + SA). 

In particular, if b' is an element of B[, b is its image in 0 and 6 ° is its image in 0^, then aij(g)(b) 
modulo S is the image by if of a/ ,- R (g)(b°) modulo S. When j = 2 and i = 1 or 3, we know that 
a °i,j, R (9)( b °) i s i n pSj.Ri so ^ i s a l so i n $Sj, R i so a i,j.R(9)( b °) = 0 modulo S, so Oij(g)(b) = 0 modulo 
S. Thus 03 , 2 ( 5 ) an d 03 , 2 ( 5 ) are the zero functions modulo <5. □ 

7.7.4. Changing the lattice. Let S[ = 5S 2 , S 2 = Si, S ' 3 = S 3 . Let O' = S[ © S 2 © S 3 , so 0' is 
complete, and let M[ = S[ and M ! 2 = S" © S 2 , so that 0 C M[ C M 2 C 0' is a filtration of 
R- modules. Note that M 2 does not depend on the choice of S 2 , since M ! 2 = 5M 2 + Si. 

Proposition 7.46. The lattice 0' is stable under the action of G. Moreover, 0' has a filtration 
0 C M[ C M 2 C 0' with successive JH factors isomorphic to St©w, w and n(p — 3, l,w 2 ). 
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Proof. The first statement follows from Proposition I7.45| Note that M[ is not G-stable, but that 
M[ is, since M[ = 6 S 2 / 1 &SS 2 — S 2 = M 2 /M 1 = M 2 /M 1 = St®u;. Now M 2 /M[ = S\ = Mi, so 
its reduction is Si = to. Finally, (-)' /M 2 = S 3 = 0/M 2 and its reduction must be the remaining JH 
factor 7r(p — 3, l,w 2 ). □ 

Using Corollary 17.171 we now have to study M 2 C & which is an extension of w by Stguu: we 
must see if it non-split and compute a r such that it is isomorphic to E T (g> u> (note that the fact 
that it is non-split will follow from the computation of r). 

7.7.5. Computations in the new lattice. Let A = Sym r i? 2 as before and let 7r : A —> f lk,a p , so 

that 7r(A) = 0. We also denote by 7r the usual map A —> 0. If x G A satisfies n(x) G 0', denote by 
ip(x) its image in 0'. Let N = St®w be the image of M[ = S[, or equivalently of 8 M 2 , in 0', and 
let M be the image of M ! 2 in 0'. 

Lemma 7.47. We havep 2 A and pker n are contained inkerip. Ifv( 8 ) < 1, then so ispA. Moreover, 
8 S\ and 8 S 3 also die in 0'. 

Proof. By the construction of 0', we have 7 t(5 A) = <50 C 0'. So if t € R, with v[t) > v(S), then 
tA C ker^>. The statement about SSi and 8 S 3 follows from the construction of 0'. □ 

In particular: 

Lemma 7.48. Let F, F' he elements ofSym r R 2 such that the image of F — F' inV r is in X r + V** . 
Then if{[g,pF ]) = ip([g,pF ']), for all g G G. 

Proof. The hypothesis implies that [g,F — F'] G kerir. Now apply the previous lemma. □ 

Lemma 7.49. Let F G Sym r I? 2 be such that its image in V r lies in X r + V** . Then, for all g G G, 
[g,F] G ker7r +pA. In particular, ir([g,F\) G 0' and if v( 8 ) < 1, then ip(\g,F]) = 0. 

Proof. This follows from the computations described in IIBG091 Rem. 4.4], showing that the map 
ind kz W —> 0 factors through ind kz P- These are recalled in the proof of the next lemma, so we 
omit the proof. □ 

Lemma 7.50. Let F G Sym r Z 2 be such that its image in V r lies in X r + V** . Then, for all 
g G G, [g,F} is in ker ip + pA°. More precisely, there is a z G A 0 , independent of a p , such that 
[ g , F] + pz G ker^. 

Proof. Let A/ be the Z p [AT]-submodule of Sym r Z 2 generated by X r and (9 2 Sym r ~ 2( ' p+1 - ) Z 2 . Then the 
reduction of F modulo p lies in X r + V**, the image of M in V r . So F lies in the sum M + pSym r Z 2 
and [g,F] lies in the sum of the Z p [G]-submodule generated by [Id, M] and pA°. 

Hence, it is enough to show that [a,U r ] and [1 , 6 2 F'(X,Y)\, for F’(X,Y) G Sym r_2p ~ 2 Z 2 , are 
in ker^> + pA°, as this last module is G-stable. To do this we recall the computations described in 
IBG09[ Rem. 4.4] of (T — a p )f used to show that ind^ z X r and ind^ z U r ** go to zero under the 
map ind^ z U r —> 0. Indeed, computing (T — a p )f G ker7r C ker^>, for / = [Id, (0/X)Y r ~ p ], we 
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see that [a,!' 7 '] £ ker 7 r + pA° + a p A 0 C ker 7 r + pA° + pmg;A C pA° + ker if, since a p = p( 1 — r) 
mod orriK. and both ker 7 r and nker 7 r are in kei :ib (cl. Lemmal7.47l). Similarly, comnutina - (T — a P )/, 
for / = [Id, (1 /a p )9 2 F'], we get [Id, 0 2 F'] £ ker 7 r + p(p/a p )A° C ker 7 r+pA° +pmsA C ker if+pA°, 
since p/a p = 1/(1 — r) mod mg. 

The argument above shows that, up to ker if, each of the functions [a, Y r ] and [Id, 6 2 F'] is of 
the form -pz, for some z £ A 0 , and that z is independent of a p (it only depends on a p /p mod rag, 
which is fixed to be (1 — r) in our case). □ 

We also have: 

Lemma 7.51. if (5 A) C N. 

Proof. Let z be an element of A. Then tt(z) is an element of 0. Write it as 7 r(z) = s± + S 2 + s 3 , with 
Si € Si. Then the Ssi and hence nr(Sz) are in 0', and if(Sz) is the sum of the reductions of the Ssi, 
for i = 1, 2, 3. But SSi and SS 3 die in 0', by Lemma 17.471 Thus if(Sz) is equal to the reduction of 
Ss 2 £ S[, which by definition, lies in N. □ 

7.7.6. A linear form on N. M is an extension of w by N = St (g> w, so it is of the form E T <g> u for 
some r. We need to compute r in order to see if the extension given by V(&') is “peu ramifiee” or 
“tres ramifiee”. 

We fix p a linear form on N as in Lemma \7 . 81 Recall that the element X p_1 £ Jq = V p -± ® D 
corresponds to the image of 9X S in P, for s = r — p — 1, by Lemma [3.41 (i). Thus the image of 
[Id, 6 X S ] generates Fo = M 2 = 7r (jp — 1, l,w) inside 0. By Lemma 17.511 the image of <5A in 0' lies 
in the subrepresentation N of M. In fact, N is the image of SM 2 in 0', so it is generated as a 
G-representation by the image of [Id,<50X s ]. The image of [Id,<56W s ] actually lies in N I A\ as we 
can easily check, and it is non-zero since it generates N. So by the properties of /i, we know that 
//([Id, <560C S [) ^ 0. We normalize p by setting //([Id, d0Af s ]) = 1. As w;[Id, 50X S ] = —[Id, S6Y S ] we see 
that //([Id, <50F S ]) = —1. Also, since a lies in A up to an element of Z, we have p{if{a8z)) = p(ip(5z)), 
for all z £ A, by the equivariance of p under the action of A. These last three properties of p will 
be enough for the computations. 

For later use in Section 17.7.81 we prove the following lemma. As in Section 17.7.31 and the proof of 
Proposition 17.451 we decorate by a superscript 0 all objects for a p = p{ 1 — r). 

Lemma 7.52. Let a p be an element for which 5 = p. Then p(i/j(pz)) = p°(if 0 (pz)), for all z £ A 0 . 

Proof. This is true by construction of p and p°, for z = Zq := [Id, 9X s ] £ A 0 . 

Since N = N° ® /c_e, there is a G-equivariant map from N° to N. Any such map takes 
7(1 (-invariants to /(l)-invariants. Let A : N° -A IV be the unique G-equivariant map sending 
//: 0 ([Id,plLY s ]) to if ([Id, p9 X s ]). Then p° = p ° A, by the uniqueness of the linear form p (see Lemma 
EE}. As if(pzo) = X(if°(pzo)), and if, if 0 and A are G-equivariant, we get that if(pz) = A (if°(pz)), 
for all z £ Z p [G]zq, hence by applying p, p(if(pz)) = p°(if°(pz)), for all z £ Z p [G]zq. 
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For an arbitrary z £ A 0 , we can write 2 = 61 + b 2 + 63 + x, for b, in the subspace of A 0 generated 
by B[ and for some x £ kerif 0 . Note that if 0 (Z p [G],So) is the subspace F 0 of 0°, generated by n°(B[) 
and tt°(B' 2 ). So 7 t°( 6 i + b 2 ) £ 7f°(Z p [G]zo) and we can write bi+b 2 = Z\ +x', for some z\ £ Z p [G\z 0 
and x' £ kerif 0 . Hence we have z = Z\ + z ', where z 1 £ Z p [G]zo and z' := 63 + x + x'. 

Note that n°(b 3 ) £ S 3 , 7 r(& 3 ) £ S 3 and x,x' £ kerif 0 C kerif (considering kerif 0 as a part 
of A via the inclusion A 0 C A), by Corollary 17.441 Hence pz' lies in both ker^ and ker^ 0 , by 
Lemma [7.471 So p{ip{pz)) = p(if>{pzi)) and p°(tf°(pz)) = p°{tp°(pz\)). But we have already shown 
p(if(pzi)) = p°(ip°(pzi)) and thus we are done. □ 

Let e' = [Id, 9X S ] + [ a,0Y 8 } £ A, so that 7 r(e') £ Si C 0', and let e = ip(e') £ &. Then e is an 
element of M which is not in N. Let 70 = ( 1 q P °) and 71 = (jj). Then according to Section l7.3.3l 
to know r it suffices to compute pi'joe — e) and p{pi\e — e). 

7.7.7. The case v{5) < 1. 

Proposition 7.53. p.( 7 oe — e) = 0. 

Proof. We have 7 oe' —e' £ pA, so ip( 7 oe'—e') = 0, by Lemma l7.47l So 7 oe = e and p{pj oe—e) = 0. □ 

Proposition 7.54. /r( 7 ie — e) = 2. 

Proof. We have 71 e' = [$„, 6 >X s ] + [Id, 6 Y S ], soyie'-e' = [ 3 %, 6 »A' s ] + [Id, 6 »F s ]-[Id, 6 W s ]-[a, 9Y S ]. 
The computations in the proof of Proposition 16.71 show that 

(7.2) £ [g° ux] ,0X 8 }-u{a p )[Id,0X 8 } £ kern+pA. 

AGlFp 

Indeed, taking / as in that proof, we have (T — a p )f is integral by ([6.41) . so is in ker 7 r. Then the 
inclusion above follows, multiplying (16.41) by u[a p ) = which is a unit in this section, and by 
noting that [ g,X r } £ ker 7 r +pA, for g £ G. 

Applying the matrix —w = — ( 0 J) on the left hand side of (17.21) and going mod pA, we get 

(7.3) ^ [g° h[x] ,9X s ] + }a,0Y 8 } - u(a p )[ld,0Y 8 } £ kerir+pA , 

using u> 3 ° = 3 0 j A j_i ^ ^ w, for A £ F*, and wg 3 0 = aw. Subtracting (17.31) from (17.21) . 

and writing u(a p ) = 1 + <5, we have 

[ 3 ° 0 , 0X S ] - [Id, OX 8 } + [Id, 0Y 8 } - [a, 0Y 8 } + ([Id, <56W S ] - [Id, (56GG]) e ker tt + pA. 

Since v(5) < 1, we have ip(h e ' — e!) = ^([Id, 80X 8 } — [Id, <50F S ]), by Lemma [7.471 Hence the 
result. □ 

So we have proved the following proposition, which gives part (1) of Theorem 17.341 


Proposition 7.55. If v(S) < 1, then the extension 0 —>■ N — > M —w —f 0 is non-split, where 
M = E t (g> u, with [t] = (0 : 1). 
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7.7.8. The case 5 = p. 

Proposition 7.56. p/yoe — e) = 3r — 2. 

Proof. In the lattice A we have 7 oe' — e' — p([Id, s 8 X s — X r ~ p Y p ] — [a, XY r ~ 1 ]) G p 2 A. So 

M( 7 oe - e) = a - pm^pX r ~ p Y p })) - a^XY^ 1 })), 

by Lemma 17.471 Note that /x(-i/([a,pXF r_1 ])) = p(ijj([Id,pXY r ~ 1 ])), by the equivariance of p with 
respect to the action of A. 

We know from Lemma 17.321 that the image of 

(7.4) F'(X, Y) = X r - x Y + (r/2)dX r ~ 2 p Y p - 1 - (r/2)9Y s - (1 - r/2)8X s 

in V r lies in X r + V**. So, by Lemma [7.481 and using that X r ~ p Y p = X r ~ 1 Y — 9X S , we have 
p(tp([ld,pX r ~ p Y p ])) = (— r/2)p(if([ld, p9X r ~ 2 p Y p ~ 1 ])) — r. Applying w to F'(X,Y), we see that 
the image of 

XY 7 - 1 - {r/2)eX r ~ 2 p Y p - 1 + {r/2)9 X s + (1 - r/2)6Y s 

in V r is also in X r + V** (note that ( r/2)9X r ~ 2 p Y p ~ 1 and (r/2)9X p ~ 1 Y r ~ 2p have the same image in 
V r /Vf*, forr > 2 p). So bv Lemma l7.48l we have p{ip{\fd,pXY r ~ 1 ])) = (r/2)p{if{\Vd 1 p9X r ~ 2 p Y p ~ 1 }))+ 
1 — r. So finally p("jae — e) = 3r — 2. □ 

Proposition 7.57. p{^\e — e) =2 1 + c, where t is the image in kE of t G R with u(a v ) = 1 + tp, 
and c G F p is independent of a p . 

Lemma 7.58. There are elements z and z! in A 0 , independent of a p , such that 

^2 [Si,[ \]i° XS ] -u(a p )[ld, 8 X s ]+pz G ker^ 
agf p 

and 

y, bi,[A]) OX 8 ] + l a > 0Y S ] - «(a P )[Id, 9Y S ] +pz' G ker if. 
agf; 

Proof. The existence of z can be proven by revisiting carefully the computations leading to the proof 
of Proposition 16.71 The existence of z' then follows by applying the matrix —w as in the proof of 
Proposition [7754] □ 

Proof of Proposition \ 7. 57} Let 2 and zJ be the elements, independent of a p , in A 0 , from Lemma 
17.581 We set c = p(ip(pz' — pz)) G F p . By Lemma 17.521 we have c = p°(ip°(pz' — pz )) G F p . Since 
u(a p ) = 1 + tp, as in the proof of Proposition 17.541 we see that — e') = tif ([Id,p9X s ] — 

\ld,p8Y s ]) + ip(pz’ — pz). Hence p(jie — e) = 21 + c. □ 

Proposition 7.59. If S = p, then the extension 0 —> N —> M —> uj ^ 0 is non-split and [r] is of the 
form (1 : x), for some x G kE ■ Moreover, for any fixed r (^ 1, 2/3 mod p), as a p varies, all values 
of x G F p can occur. 
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Proof. The first statement follows from Proposition 17.561 since 3r — 2 ^ 0 mod p. 

Now let us fix r ^ 1,2/3 mod p. Given any x G F p , let t be a lift of —— 2 ^ x ~ c g F p in some 
unramified extension of Z p . Then the equation u(a p ) = 1 + tp gives rise to a quadratic polynomial 
in a p /p , one of whose roots reduces to (1 — r), hence is a unit. Note that if p | 2 — r, then this root 
lies in an unramified extension of Z p . This gives us a p-adic integer a p with v(a p ) = 1 such that a p 
is close to ep( 1 — r) for e = 1, and moreover E = Q p (a p ) is unramified when p | 2 — r. Therefore the 
corresponding r satisfies [r] = (3r — 2 : 2t + c) = (1 : x), as desired. □ 

This completes the proof of Theorem 17.341 


7.8. Trivial semisimplification. In this section we make some remarks about the case when V£ s 
is the trivial representation, up to a twist. 

Assume that the reduction t4, 0p of a given GQ p -stable lattice in I4 i0p is a non-split extension of 
the trivial representation 1 by 1, up to a twist. Then one can ask whether, after the same twist, 
the reduction is unramified or ramified. More precisely, the cocycle describing the (twist of the) 
reduction is just a non-zero map from Gq p to F p lying in the cohomology group H 1 (Gq p ,F p ) = F 2 , 
and is again well-defined up to a constant. We say that (the twist of) t4, 0p is unramified if this 
map factors through the Galois group of the maximal unramified extension of Q p , and is ramified 
otherwise. In the context of Theorem ll.il this question arises in exactly one case, namely when 
(3) a = 1, r > 3p — 2, p divides r and A = ±1, so = A ± \frjp. 

It is known, see |BC141 Prop. 11], that the GQ p -stable lattices in this setting (when the semisim¬ 
plification of the reduction is a direct sum of equal characters) form a convex, bounded subset of the 
tree, whose interior vertices have full valency and correspond to lattices whose reduction is split, and 
whose extremal vertices have valency one and correspond to lattices whose reduction is non-split. 
In particular, since there may be a large number of extremal vertices, there may be a large number 
of non-homothetic Gq p -stable lattices to study. 

We shall answer this question now, but only for the lattice in I4 jap corresponding to the standard 
lattice 0 = &k,a p on the automorphic side. 

We let p > 3 (allowing p = 3 in this subsection). Assume that r > 2 p, with r = 1 mod (p— 1), so 
a = 1, and that p | r. Assume, for simplicity, that A = 1. We showed (Propositions [A2l and !5.3l with 
c = 2) that 0, the reduction of the standard lattice, is isomorphic to nvl^ z (V p -2 ® D)/(T— l) 2 . The 
following theorem shows that the corresponding (twist of the) reduction t4, 0p is an unramified 

non-split extension of G p , as mentioned in the Introduction. 

Theorem 7.60. Let II = (ind^-^ V /-2 )/(T — l) 2 . Then V(n) is a non-split, unramified, extension 
of the trivial mod p representation by itself. 

7.8.1. The Jacquet module. Let B be the Borel subgroup of G consisting of upper-triangular matri¬ 
ces. Let N be the normal subgroup of B consisting of unipotent matrices in B , that is, elements of 
the form n{x ) = (J f), for a; £ Q p . 












50 


S. BHATTACHARYA, E. GHATE, AND S. ROZENSZTAJN 


Let k be a finite extension of F p and let II be a smooth representation of G over k. We denote by 
U{N) the subspace generated by all elements n(x)v — v for x £ Q p , v £ II. Then n(iV) is stable by 
B as B normalizes N, so the quotient J(II) = II/n(iV) is a representation of B , and is called the 
Jacquet module of II. 

We recall two results about the Jacquet module in the mod p setting from Colmez [CollOj . The 
following lemma is a consequence of jCollO| Proposition VII. 1.2]. 

Lemma 7.61. Let x be a smooth character of B with values in k x . Suppose that II = Ind^y 
(smooth induction) is irreducible. Then J(II) is isomorphic to \ as a B-representation. Moreover, 
the natural surjective map II —► J(II) is given by evaluation at (J °), in the description of II as the 
set {/ : G — > k locally constant satisfying f(bg) = x{b)f(g), for all b £ B, g £ G}. 

Now let r : Q* —>■ k a continuous character. We define a continuous mod p representation V T = k 2 
of Gq p of dimension 2 as follows. We let g G G p act in the standard basis of V T by (J ). Clearly, 
this representation is unramified if and only if r is unramified. 

We also define a smooth representation Y T = k 2 of B of dimension 2 as follows (cf. Remarque 
VII.4.11 of | ICollO] h We let j3 = G B act in the standard basis of Y T by (J T ( d _/ a )). 

Recall that n(p — 2,1,1) is isomorphic to Indg(l <g> w _1 ). Then we have (Proposition VII.4.10, 
Remarque VII.4.11 and Proposition VII.4.12 of [CollOj J: 

Proposition 7.62. Let II be an extension of tt(p — 2,1,1) by itself. Then </(II) is an extension of 
the representation 1 <g> iv~ 1 of B by itself and is of the form Y T Cg> (1 ® for some r. Moreover, 

V(II) is isomorphic to V T . 

7.8.2. Proof of Theorem \ 7. 60\ 

Lemma 7.63. Let j : ii(p — 2,1,1) —> J(n(p — 2,1,1)) be the natural B-equivariant morphism. Let 
f be the image of [1,Y P ~ 2 ] in ir(p — 2,1,1). Thenj(f)^0. 

Proof. We use Lemma 17.611 and the isomorphism n(p — 2,1,1) —»• Indg(l <8> w _1 ) of Section 6 of 
[BL94j . which we shall call </>. It suffices to show that (f>(f), seen as a function on G, is not zero at 
(55), and this is a consequence of the explicit description of 4> given in 1BL941 Section 6.2]. □ 

Proof of Theorem \ 7. 6 U\ We have an extension: 

1 ~t (T — l)(ind^ z V p - 2 )/(T — l) 2 —► II —>• (ind f) z Vp- 2 )/(T — 1) -> 1. 

Also denote by j the natural map II —>• J(II) (as well as the natural map tv( p — 2,1,1) —> J(n(p — 
2,1,1))). By Proposition 17.621 after applying the Jacquet functor we have an extension: 

1 -A J(n(p — 2,1,1)) —» J(II) —A J(n(p — 2,1,1))—>1, 

where J(tt(p — 2,1,1)) is isomorphic to 1 <8> w -1 as a R-representation (by Lemma R-bll) . and J(II) 
is isomorphic to Y T <g> (1 (g) w _1 ), for some r. 
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We can compute r as follows. Take an element / in II with non-zero image j(u(f)) in J(tt(p — 
2,1,1)). For p = (g^) G B, compute — (1 <g) w _1 )(/3)/), which is an element of j((T — 

l)(ind^ z <7 p _2)/(T — l) 2 ), and so can also be written as (1 (g) w -1 )(/3 )T(a~ 1 d)j((T — 1)/). So 
computing for enough /3 determines r. 

Using Lemma T7. 631 we take for / the image of the element [1 ,Y P ~ 2 ] in II. Take first /3 = (J ^), 
for d£ Z*. Then /3(/) = d p ~ 2 f = (1 <S> w _1 )(/?)(/). So j(P(f) - (1 <g> w _1 )(/3)(/)) = 0 and r(d) = 0. 
Now take /3 = a = ( q °). Then 

j8(/) - (1 ® a r'WKf) = [a, Y p ~ 2 ] - [1, Y p ~ 2 } = (T - 1)[1, Y p ~ 2 ] - £ (-A)*" 2 **- 2 ]. 

AeFp 

We claim that j’EaeFp [s? a> ( — A) P_2 X P_2 ]) = 0. Indeed, 

\9°i,x,X P ~ 2 ] - [9°x,o,X P ~ 2 } = (l W,o,X P ~ 2 ) ~ [9%,X p ~% 

so is an element of II (TV), so j(E Ae F x l9i,\, (-A) p " 2 X p - 2 ]) = j([g^ 0 , E A6 f x (-A) P_2 X P “ 2 ]), and 
the claim follows, since X^AeF x ( — A) p_2 = 0. It follows that 

mf) - (1 CS>w _1 )(/J)(/)) = j((T — 1)[1, Y p ~ 2 ]), 

which gives r(p) = 1. 

Thus t is a non-zero, unramified map Q x —>■ k : which gives the result by Proposition 17.621 □ 


8. Examples 


In this final section we compare our general theorems with some specific examples in the literature, 
and also provide some new information about these examples. 

Consider the Delta function A = T {n)q n , the unique normalized cusp form of level 1 and 

weight k = 12. It is known that the only primes p < 10 6 for which A has positive slope (i.e., 
V I t(p) = a p ) are p = 2, 3, 5, 7 and 2,411, though recently it seems to have been discovered 
that the 10 digit prime p = 7, 758,337,633 is also of positive slope. Serre and Swinnerton-Dyer 
[Ser73j computed the global reduction of the Galois representations attached to cuspforms of level 1 
and small weight, for small primes p in order to explain congruences going back to Ramanujan. In 
particular, they proved that the shape of : Gq GL 2 (F p ), for p < 7, is as follows: 


• If p = 2, so r(p) = —24 and v(a p ) = 3, then is trivial. 

• If p = 3, so r(p) = 252 and v(a p ) = 2, then p^ = 

• If p = 5, so r(p ) = 4, 830 and v(a p ) = 1, then p s £ 

[to 3 o\ 

• If p = 7, so r(p) = —16, 744, then v(a p ) = 1 and p s £ = f ^ J <g> oj. 

For primes p of positive slope, the restriction of p^ to Gq p is isomorphic to V^ T (^ p y at least if 
T (p) 2 7 ^ 4 p 11 , so one may compare the results above for slope 1 with the results in this paper. The 
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primes p > 11 are in the well understood Fontaine-Lafaille range 2 < k < p+ 1, covered by the work 
of Edixhoven |Edi92| (for all positive slopes), so we do not comment further on these primes here. 
Also, the restriction of p s £ above to Gq p when p = 7 matches with what was computed by Breuil 
[BreQ.'ibl who treated weights k < 2p +1 for all positive slopes (though the case k = 2p + 1 was only 
later stated in lBerll| ). 

We now consider the case p = 5. In this case, the shape of the global representation p s £ above 
explains the congruence r(n) = nai(n) mod 5, for all n > 1. We show that the restriction of 
to Gq p matches with what is predicted in general by Theorem ll.il In the notation of that theorem, 
we have r = 10 = 2 mod (p — 1), so b = 2. Moreover 


U/p 

P 


= 0 = v(2 — r), 


so we are in the middle case of the trichotomy there. Since 


A = 


2 -r 


P 


P 


— I = --(966) = 1 mod p, 


the unramified characters p\±i are trivial, and we recover that (pa|g' Qp ) ss — w 2 © u>. 


But we can say more. Since ^ = 1 = e(l — r) mod p with e = 1, and v(u — e) is necessarily > 1 
being a positive integer, we deduce by Theorem II.31 that when p = 5, 


Pa|g<j p is a tres ramifiee extension, 
whenever it is a non-split extension of w by w 2 . 

We remark that the formula for A above simplifies to the more naive one occurring for 3 < b < p— 1 
in Theorem o whenever (!J) = 0 mod p, and in particular when p \ r, as was the case above. We 
now give an example to show that the more complicated formula above for A when 6 = 2 is indeed 
required. Consider instead Ai6, the unique cusp form of level 1 and weight k = 16, and again take 
p = 5. Then p || a p = 52,110, so v(a p ) = 1. Also r = 14 so b = 2 as before, and 

A s -2(io,422-i-!|) s 1 m „d P . 

compared to the more naive (and incorrect) A = 3, and we again recover the result that (pa 1b |gq p ) ss — 
w 2 © uj, for p = 5, from ISer73| . We also remark that Theorem 11.31 provides no extra information in 
this example, since r = 2/3 mod p. 

For other examples, for small values of k and p, we refer the reader to [Rozl6l . where an algorithm 
to compute * p is described and implemented for all positive slopes. 
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